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DECOMPOSITION OF THE TURAEV-VIRO TQFT
JÉRÔME PETIT
Abstrat. We show that for every spherial ategory C with invertible di-
mension, the Turaev-Viro TQFT admits a splitting into bloks whih ome
from an HQFT, alled the Turaev-Viro HQFT. The Turaev-Viro HQFT has
the lassifying spae BΓC as target spae, where ΓC is a group obtained from
the ategory C. This onstrution gives a reformulation of the Turaev-Viro
TQFT in terms of HQFT. Furthermore the Turaev-Viro HQFT is an exten-
sion of the homotopial Turaev-Viro invariant whih splits the Turaev-Viro
invariant. An appliation of this result is a desription of the homologial
twisted version of the Turaev-Viro invariant in terms of HQFT.
1. Introdution
In the early 90's, a new quantum invariant of 3-manifolds was introdued : the
Turaev-Viro invariant [16℄. The original onstrution involves a quantum group at
a root of unity. Barrett and Westburry [1℄ generalized the onstrution to spherial
ategories with invertible dimension in a eld k. A spherial ategory is a semisim-
ple sovereign ategory over a ommutative ring k suh that the left and right traes
oinide. The dimension of a spherial ategory is the sum of squares of dimensions
of simple objets. The onstrution of the Turaev-Viro invariant onsists in repre-
senting the 3-manifold by a triangulation, oloring the edges with simple objets of
the spherial ategory and then assigning a 6j-symbol to eah olored tetrahedron.
In [15℄, Turaev showed that the Turaev-Viro invariant extends to a TQFT. In
dimension 2+1, a TQFT assigns to every losed surfae a nite dimensional vetor
spae and to every three dimensional obordism a linear map. More preisely, in
dimension 2+1 a TQFT is a symmetri funtor from the ategory of obordisms
of dimension 2+1 to the ategory of nite dimensional vetor spaes. It an be
interesting to extend the notion of TQFT to obordisms and surfaes endowed with
additional data. For instane, Blanhet, Habegger, Masbaum and Vogel [2℄ have
showed that the Kauman braket extends to a TQFT for surfaes and obordisms
endowed with p1-strutures. In 2000, Turaev [14℄ dened a notion of TQFT for
surfaes and obordisms endowed with homotopy lasses of ontinuous map to a
target spae X, alledHQFT (Homotopial Quantum Field Theory). Turaev showed
that a modular G-ategory, with G an abelian group, gives rise to an HQFT with
target spae the Eilenberg-Malane spae K(G, 1). This HQFT is obtained from
an invariant of the pair (M, ξ), with M a 3-manifold and ξ ∈ H1(M,G), whih
splits the Reshetikhin-Turaev invariant. Turaev desribed this HQFT in terms of
other TQFT. The resulting HQFT splits as a produt of a standard TQFT and a
homologial TQFT.
In the same spirit as the work of Turaev and Le [8℄ and [14℄, we want to desribe
the Turaev-Viro TQFT in terms of other TQFTs and/or TQFTs with additional
data. To fulll this objetive we will dene an homotopial invariant alled the
homotopial Turaev-Viro invariant. This invariant will extend to an HQFT alled
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the Turaev-Viro HQFT. In opposition to the work of Turaev [14℄, we show that
the Turaev-Viro TQFT omes from the Turaev-Viro HQFT. Roughly speaking, we
obtain a deomposition of the Turaev-Viro invariant into bloks whih ome from
the Turaev-Viro HQFT.
The Turaev-Viro invariant of a losed 3-manifold M is a state-sum indexed by
the olorings of a triangulation of M . The olorings of a triangulation T are maps
from the set of oriented 1-simplexes to the set of salar objets (up to isomorphism)
of a spherial ategory C. The set of olorings of a triangulation T is denoted Col(T ).
The Turaev-Viro invariant is :
TVC(M) = ∆
−n0(T )
C
X
c∈Col(T )
wcWc ∈ k ,
where ∆C is the dimension of the ategory, n0(T ) is the number of 0-simplexes of
T , wc is a salar obtained from the oloring of the 1-simplexes and the trae of the
ategory and Wc is a salar obtained from the 6j-symbols of the ategory. This
invariant an be dened for 3-manifolds with boundary, in whih ase the Turaev-
Viro invariant is a vetor. Let M be a 3-manifold with boundary Σ and T0 be a
triangulation of Σ, the Turaev-Viro invariant is obtained from the following vetor :
TVC(M, c0) = ∆
−n0(T )+n0(T0)/2
C
X
c∈Colc0(T )
wcWc ∈ VC(Σ, T0, c0) ,
where Col(T )c0 is the set of olorings of T suh that the restrition to T0 is the
oloring c0 and VC(Σ, c0, T0) is a vetor spae assoiated to the triple (M, c0, T0).
The Turaev-Viro invariant is
TVC(M) =
X
c∈Col(T0)
TVC(M, c0) .
To study the Turaev-Viro invariant and the TQFT obtained from it, we will
assign to eah spherial ategory C a group ΓC , whih omes from a universal grad-
uation of the ategory. The group ΓC is alled the graduator of C. To understand
this group, the simplest ase is the ase of group ategories. If C is a group ategory
then ΓC is the group of isomorphism lasses of salar objets. A group ategory is
a semisimple tensor k-ategory suh that for every salar objet X there exists an
objet Y suh that X⊗Y ∼= 1 ∼= Y ⊗X, with 1 the neutral element for the monoidal
struture. For every spherial ategories C, we will use the group ΓC to dened an
homotopial invariant HTVC. This homotopial invariant will split the Turaev-Viro
invariant. More preisely, we observe that every oloring c of a triangulation T of
a losed 3-manifold M leads to an homotopy lass xc ∈ [M,BΓC ], where BΓC is the
lassifying spae of the group ΓC and [M,BΓC ] is the set of homotopy lasses of
ontinuous map from M to BΓC . These remarks lead to the following homotopial
invariant of losed 3-manifolds :
HTVC(M,x) = ∆
−n0(T )
C
X
c∈Col(T )
xc=x
wcWc ,
where x ∈ [M,BΓC ]. The invariant HTVC is the homotopial Turaev-Viro invariant.
We dene this invariant for manifolds with boundary. Roughly speaking, for every
3-manifold M with boundary Σ endowed with a triangulation T0 and for every
oloring c0 of T0, we assoiate an homotopy lass xc0 ∈ [Σ, BΓC ] and from every
oloring c ∈ Colc0(T ), we assoiate an homotopy lass xc ∈ [M,BΓC ] suh that xΣ
the homotopy lass of the restrition of xc to Σ is xc0 . These remarks lead to the
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boundary version of the homotopial Turaev-Viro invariant :
HTVC(M, c0, x) = ∆
−n0(T )+n0(T0)/2
C
X
c∈Colc0(T )
xc=x
xΣ=xc0
wcWc ,
for every x ∈ [M,BΓC ] suh that the homotopy of its restrition to Σ is xc0 .
The homotopial Turaev-Viro invariant splits the Turaev-Viro invariant :
Theorem 4.6. Let M be a 3-manifold, Σ be the boundary of M and T0 be a
triangulation of Σ. For every oloring c0 ∈ Col(T0), we have :
TVC(M, c0) =
X
x∈[M,BΓC ]
xΣ=xc0
HTVC(M, c0, x) ∈ VC(Σ, T0, c0)
and HTVC(M, c0, x) an invariant of the triple (M, c0, x). If the 3-manifold M is
losed, we obtain :
TVC(M) =
X
x∈[M,BΓC ]
HTVC(M,x) .
We prove that the homotopial Turaev-Viro invariant extends to an HQFT HC
with target spae the lassifying spae BΓC . The HQFT HC is alled the Turaev-
Viro HQFT. The Turaev-Viro HQFT and the splitting given in Theorem 4.6 leads
to the main result of this artile :
Theorem 6.6. Let C be a spherial ategory. The Turaev-Viro TQFT VC is ob-
tained from the Turaev-Viro HQFT HC :
VC(Σ) =
M
x∈[Σ,BΓC ]
HC(Σ, x)
for every losed surfae Σ.
In the ase of group ategories dened for an abelian group this splitting is
maximal in a sense that every blok obtained from the above splitting is a one
dimensional vetor spae :
Proposition 6.5. Let G an abelian group, α ∈ H3(G, k∗), CG,α be a group ategory,
g be a positive integer and Σg be a losed surfae of genus g, we have :
VCG,α(Σg) =
M
x∈[Σg,BG]
HCG,α(Σg , x)
with HCG,α(Σg , x) = k for every x ∈ [Σg , BG].
An appliation of this work is a desription of the homologial twisted Turaev-
Viro invariant, dened by Yetter [17℄ in terms of HQFT. The homologial twisted
Turaev-Viro invariant is an invariant for the pair (M,α), with M a 3-manifold
and α ∈ H1(M,A), where A is the group of monoidal automorphisms of the identity
funtor 1C . The homologial twisted Turaev-Viro invariant is given by the formula :
YC(M,α) = ∆
n0(T )
C
X
c∈Col(T )
(α : c)Wc ,
where (α : c) is dened as follow : we represent α by a map b from the set of oriented
edges of T to A and we set :
(α : c) =
Y
e∈T1
b(e)c(e)
In the original paper of Yetter [17℄, this invariant was dened for a semisimple
braided k-tensor ategory. We extend the onstrution to spherial ategories and
we prove that the invariant YC omes from an HQFT.
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Theorem 7.2. Let C be a spherial ategory, M be a 3-manifold. For every h ∈
H1(M,Aut⊗(1C)), we have :
YC(M,h) =
X
x∈[M :BΓC ]
(h : x)HTVC(M,x) ,
with (h : x) =
Y
e∈T1
αe(c(e)), α a representative of h and c ∈ Colx(T ).
The rest of the paper is organized as follows. In Setion 2, we review several fats
about monoidal ategories and we dene the universal graduation of semisimple
tensor ategories. Setion 3 realls the onstrution of the Turaev-Viro invariant.
In Setion 4, we dene the homotopial Turaev-Viro invariant and we prove that the
homotopial Turaev-Viro invariant splits the Turaev-Viro invariant (Theorem 4.6).
In Setion 5, we ompute the homotopial Turaev-Viro invariant for the sphere
S3, the 3-torus S1 × S1 × S1 and lens spaes. We ompute for group ategories
and the quantum group Uq(sl2) with q a root of unity. In Setion 6, we show that
for every spherial ategory C the Turaev-Viro TQFT omes from an HQFT with
target spae the lassifying spae BΓC (Theorem 6.6). The proof is in two steps.
First, we show that the homotopial Turaev-Viro invariant splits the Turaev-Viro
TQFT into bloks. Then we show that these bloks ome from an HQFT. We show
that the splitting obtained is maximal in the ase of group ategories dened for
an abelian group (Proposition 6.5). We end this setion with a omputation of
the HQFT for the torus S1 × S1 in the ase of the quantum group Uq(sl2) with q
a root of unity. In setion 7, we reformulate the homologial twisted Turaev-Viro
invariant in terms of HQFT. In Setion 8, we give some values of the homotopial
Turaev-Viro invariant for group ategories.
Notations and onventions. Throughout this paper, k will be a ommutative,
algebraially losed and harateristi zero eld. Unless otherwise speied, ate-
gories are assumed to be small and monoidal ategories are assumed to be strit.
We denote by 1C the unit objet of monoidal ategory C. If there is no ambiguity
on the hoie of the ategory then we denote by 1 the unit objet.
If C is a monoidal ategory, we denote by Aut⊗(1C) the abelian group of monoidal
automorphisms of the identity funtor 1C .
Throughout this paper, we use the following notation. For an oriented manifold
M , we denote by M the same manifold with the opposite orientation.
2. Categories
In this setion, we review a few general fats about ategories with struture,
whih we use intensively throughout this text.
Autonomous ategories. Let C be a monoidal ategory. A duality of C is a data
(X,Y, e, h), where X and Y are objets of C and e : X ⊗ Y → 1 (evaluation) and
h : 1→ Y ⊗X (oevaluation) are morphisms of C, satisfying :
(e⊗ idX)(idX ⊗ h) = idX and (idY ⊗ e)(h⊗ idY ) = idY .
If (X,Y, e, h) is a duality, we say that (Y, e, h) is a right dual of X, and (X, e, h) is a
left dual of Y . If a right or left dual of an objet exists, it is unique up to unique
isomorphism.
A right autonomous (resp. left autonomous, resp. autonomous) ategory is a
monoidal ategory for whih every objet admits a right dual (resp. a left dual,
resp. both a left and a right dual). In the literature, autonomous ategories are
also alled rigid ategories.
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If C has right duals, we may pik a right dual (X∨, eX , hX) for eah objet X.
This denes a monoidal funtor ?∨ : Cop → C, where Cop denotes the ategory with
opposite omposition and tensor produts. This monoidal funtor is alled right
dual funtor. Notie that the atual hoie is innouous, in the sense that dierent
hoies of right duals dene anonially isomorphi right dual funtors.
Similarly a hoie of left duals (∨X, ǫX , ηX ) for eah objet X denes a monoidal
funtor
∨? : Cop → C, alled the left dual funtor.
In partiular, the right dual funtor leads to the double right dual funtor ?∨∨ :
C → C dened by X 7→ X∨∨ and f 7→ f∨∨, whih is a monoidal funtor.
Sovereign ategories. A sovereign struture on a right autonomous ategory C
onsists in the hoie of a right dual for eah objet of C together with a monoidal
isomorphism φ : 1C →?∨∨, where 1C is the identity funtor of C. Two sovereign
strutures are equivalent if the orresponding monoidal isomorphisms oinide via
the anonial identiation of the double dual funtors.
A sovereign ategory is a right autonomous ategory endowed with an equivalene
lass of sovereign strutures.
Let C be a sovereign ategory, with hosen right duals (X∨, eX , hX ) and sovereign
isomorphisms φX : X → X∨∨. For eah objet X of C, we set :
ǫX = eX∨(idX∨ ⊗ φX) and ηX = (φ−1X ⊗ idX∨)hX∨ .
Then (X∨, ǫX , ηX) is a left dual of X. Therefore C is autonomous. Moreover
the right left funtor
∨? dened by this hoie of left duals oinides with ?∨ as a
monoidal funtor. From now on, for eah sovereign ategory C we will make this
hoie of duals.
The sovereign strutures on a sovereign ategory are given by the group Aut⊗(1C).
Proposition 2.1. Let C be a sovereign ategory and φ0 be the sovereign struture.
The map
φ 7→ φ−10 φ
is a bijetion between the set of sovereign strutures on C and the group Aut⊗(1C)
of monoidal automorphisms of the funtor identity 1C .
The sovereign ategories are an appropriate ategorial setting for a good no-
tion of trae. Let C be a sovereign ategory and X be an objet of C. For eah
endomorphism f ∈ Hom C(X,X),
trl(f) = ǫX (idX∨ ⊗ f)hX ∈ HomC(1,1)
is the left trae of f and
trr(f) = eX(f ⊗ idX∨)ηX ∈ HomC(1,1)
is the right trae of f . We denote by dimr(X) = trr(idX) (resp. diml(X) = trl(idX ))
the right dimension (resp. left dimension) of X.
Tensor ategories. By a k-linear ategory, we shall mean a ategory for whih
the set of morphisms are k-spaes, the omposition is k-bilinear , there exists a null
objet and for every objets X, Y the diret sum X ⊕ Y exists in C.
A k-linear ategory is abelian if it admits nite diret sums, every morphism has
a kernel and a okernel, every monomorphism is the kernel of its okernel, every
epimorphism is the okernel of its kernel, and every morphism is expressible as the
omposite of an epimorphism followed by a monomorphism.
An objet X of an abelian k-ategory C is salar if HomC(X,X) ∼= k.
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A tensor ategory over k is an autonomous ategory endowed with a struture
of k-linear abelian ategory suh that the tensor produt is k-bilinear and the unit
objet is a salar objet.
A k-linear ategory is semisimple if :
(i) every objet of C is a nite diret sum of salar objets,
(ii) for every salar objets X and Y , we have : X ∼= Y or HomC(X,Y ) = 0 .
A semisimple k-ategory is a semisimple abelian k-linear ategory and every
simple objet is a salar objet. Notie that in a semisimple abelian k-ategory
every salar objet is a simple objet. By a nitely semisimple k-ategory we shall
mean a semisimple k-ategory whih has nitely many isomorphism lasses of salar
objets. The set of isomorphism lasses of salar objets of an abelian k-ategory
C is denoted by ΛC .
Graduations. Let C be semisimple tensor k-ategory and G be a group. A G-
graduation of C is a map p : G→ ΛC satisfying :
• p(Z) = p(X)p(Y ), for every salar objets X,Y, Z suh that Z is a subobjet
of X ⊗ Y .
A graduation of C is a pair (G, p), where G is group and p is a G-graduation of C.
By indution, the multipliity property of a graduation an be extended to n-
terms.
Proposition 2.2. Let C be a semisimple tensor k-ategory. There exists a gradua-
tion (ΓC , |?|) of C satisfying the following universal property : for every graduation
(G, p) of C, there exists a unique group morphism f : ΓC → G suh that the diagram :
ΛC
|?| //
p
  A
AA
AA
AA
A ΓC
f~~}}
}}
}}
}
	
G
ommutes.
Proof :
To build ΓC , we dene an equivalene relation ∼ on ΛC . Let X and Y be two
salar objets; X ∼ Y if and only if there exists a nite sequene of salar objets
T1, ..., Tn suh that X and Y are subobjets of T1⊗ ...⊗Tn. This relation is reexive
and symmetri. Let us show that this relation is transitive. Let X,Y, Z be salar
objets suh that X ∼ Y and Y ∼ Z. Thus there exists two tensor produts of
salar objets A and B suh that X and Y are subobjets of A, and Y and Z are
subobjets of B. To prove the equivalene X ∼ Z, we will show that A and B are
subobjets of B ⊗ B∨ ⊗ A. Sine 1 is a subobjet of B ⊗ B∨, it follows that A is a
subobjet of B ⊗ B∨ ⊗ A. For every salar objet X, there exists a right dual X∨
and a left dual
∨X. Sine the ategory C is semisimple tensor k-ategory, X∨ and
∨X are isomorphi. It follows that : B ∼= B ⊗ 1 →֒ B ⊗X∨ ⊗X ∼= B ⊗ ∨X ⊗X and
thus B is a subobjet of B ⊗B∨ ⊗ A.
We denote by ΓC the quotient of ΛC by ∼ and by |?| : ΛC → ΓC the anonial
surjetion. We dene an internal law on ΓC in the following way : if X,Y are
salar objets of C and Z is a salar subobjet of X ⊗ Y , we set |X|.|Y | = |Z|. This
law is well dened, assoiative and |1| is the neutral element. For every salar
objet X, |X∨| is the inverse of |X|, thus ΓC is a group and by onstrution |?| is a
ΓC-graduation of C.
Let us show the universal property of (ΓC , |?|). Let (G, p) be a graduation of C, if
the salar objets X and Y equivalent for the relation ∼ then there exists a tensor
produt of salar objets A = T1 ⊗ ...⊗ Tn suh that X and Y are subobjets of A.
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Sine p is a G-graduation, we have : p(X) = p(Y ) = p(T1)....p(Tn). Thus there exists
a unique map f : ΓC → G suh that f |?| = p. For every salar objets X,Y and
for every salar subobjet Z of X ⊗ Y , we have f(|X|)f(|Y |) = p(X)p(Y ) = p(Z) =
f(|Z|) = f(|X||Y |), thus f is a group morphism.

Let C be a semisimple tensor k-ategory, the group ΓC whih denes the universal
graduation (ΓC , |?|) is alled the graduator of C.
Proposition 2.3. Let C be a semisimple tensor k-ategory. There exists a anonial
isomorphism between Aut⊗(1C) and the group of group morphisms from ΓC to k
∗
.
Proof : Let φ ∈ Aut⊗(1C), for every salar objet X, we have φX = ǫX idX , with
ǫX ∈ k∗. Sine φ is a monoidal morphism, we have for every salar objets X,Y ,
φX⊗Y = φX⊗φY . It follows that ǫ is a k∗-graduation of C. Conversely, let p be a k∗-
graduation of C. Sine C is a semisimple tensor k-ategory, φX = p(X)idX , for every
salar objet X, denes a natural isomorphism φ : 1C → 1C . Moreover, we have
φX⊗Y = φX ⊗ φY for every salar objets X,Y , thus φ is a monoidal isomorphism.
Using the universal property of the group ΓC we an onlude.

It follows that the graduator ΓC of a sovereign ategory C desribes the sovereign
strutures of this ategory.
Examples.
Group ategories. Let C be a monoidal ategory. An objet X of C is invertible if
there exists an objet Y of C (inverse of X) suh that X ⊗ Y ∼= 1 ∼= Y ⊗X. Notie
that in a right autonomous ategory if Y is the inverse of X then Y is isomorphi
to X∨. The group of invertible elements of C is alled the Piard group of C.
A group ategory is a semisimple tensor k-ategory suh that every salar objet
is invertible. The following theorem gives a lassiation of group ategories :
Theorem 2.4 (setion 7.5 [4℄). The datum of a group ategory is equivalent to the
data of a nite group G and a ohomology lass α ∈ H3(G, k∗).
More preisely, up to monoidal equivalene a group ategory C is the ategory
of ΛC-graded nite dimensional vetor spaes. Morphisms are linear maps whih
preserve the grading and the assoiativity onstraint is given by an element of the
ohomology group H3(ΛC , k
∗). From now on, the group ategory dened by the
group G and the ohomologial lass α ∈ H3(G, k∗) will be denoted CG,α.
Let CG,α be a group ategory, the tensor produt of two salar objets is a salar
objet, thus two salar objets of C are equivalent for the equivalene relation ∼ if
and only if they are isomorphi. It follows : ΓCG,α = ΛCG,α = G.
Uq(sl2), with q generi. Let q be a omplex parameter whih is not a root of unity.
The salar objets of the ategory of the representations of Uq(sl2) are given by the
positive integers {0, 1, 2, ..., i, ...}, where i denotes the unique (up to isomorphism)
salar of dimension i+1 (e.g. [3℄, [7℄). The tensor produt of salar objets is given
by the Clebsh-Gordan formula (e.g. [3℄, [7℄ ) :
(2.1) i⊗ j = i+ j ⊕ i+ j − 2⊕ ...⊕ |i− j| .
Thus for every k ∈ N, the objets 2k and 0 are subobjets of the tensor produt
k⊗ k and the objets 2k +1 and 1 are subobjets of the tensor produt 2k+ 1⊗ 2k.
Thus for every k ∈ N, we have : 2k ∼ 0 and 2k + 1 ∼ 1, and it follows from the
Clebsh-Gordan formula (2.1) that 0 and 1 annot be subobjets of the same tensor
produt of salar objets. It results : ΓUq(sl2) = Z2.
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Uq(sl2), with q root of unity. Let A be a 2r-th primitive root unity suh that A
2 = q
is a r-th primitive root of unity. The salar objets of the ategory of the nite
dimensional representations of Uq(sl2) are given by the integers {0, 1, ..., r − 2} (e.g.
[3℄, [7℄, [13℄), where i denotes the unique (up to isomorphism) salar representation
of dimension i+1. In this ategory, the tensor produt of salar objets is given by
the Clebsh-Gordan formula :
i⊗ j =
M
k
(i,j,k) is admissible
k ,
where an admissible triple (i, j, k) is the data of three positive integers i, j and k
satisfying :
• i ≤ j + k, j ≤ i+ k and k ≤ j + i ,
• i+ j + k ≤ 2(r − 2) ,
• i+ j + k is even .
Similarly to the generi ase, we show that there are only two elements in ΓUq(sl2) : the
equivalene lass of 0 and the equivalene lass of 1. Thus the graduator ΓUq(sl2) is
Z2.
Spherial ategories. A spherial ategory is a sovereign, nitely semisimple ten-
sor k-ategory satisfying :
• for every objet X of C and for every morphism f : X → X : trr(f) = trl(f).
A spherial struture on C is a sovereign struture on C suh that C is a spherial
ategory.
From now on, for every spherial ategory the left and right trae (resp. dimen-
sion) will be denoted by tr (resp. dim).
The dimension of a spherial ategory is the salar : ∆C =
X
X∈ΛC
dim(X)2 ∈ k.
Proposition 2.5. Let C be a spherial ategory ; we denote by φ0 the spherial
struture. The map
φ 7→ φ−10 φ
is a bijetion between the set of spherial strutures of C and the group Aut±⊗(1C) =
{ψ ∈ Aut⊗(1C) | for every salar objet X, ψX = ±idX}.
Proof. Let φ0 and φ be spherial strutures, we denote by trr, trl,dimr,diml (resp.
tr0l , tr
0
r,dim
0
r ,dim
0
l ) the right and left traes and the left and right dimensions dened
by the spherial struture φ (resp. φ0). Let X be a salar objet of C, then :
(φ−10 φ)X = λX idX with λX ∈ k⋆, it follows :
diml(X) = eX∨(idX∨ ⊗ φX)hX
= tr0l (φ
−1
0X
φX)
= λX dim
0
l (X),
and
dimr(X) = eX(φ
−1
X ⊗ idX∨)hX∨
= tr0r(φ
−1
X φ0X )
= λ−1X dim
0
r(X),
then we have : λ−1X dim
0
r(X) = λX dim
0
r(X). The objet X is a salar objet thus
the right dimension is invertible, it follows : λ2X = 1 . Thus we have built a map
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from the set of spherial strutures to the group Aut±⊗(1C) :
{spherial strutures on C} → Aut±⊗(1C)
φ 7→ φ−10 φ .
The map is injetive. Let us show that this map is bijetive. Let Ψ ∈ Aut±⊗(1C) ⊂
Aut⊗(1C). Aording to the proposition 2.1, we know that there exists a unique
sovereign struture φ suh that Ψ = φ−10 φ. The ategory C is a semisimple k-
ategory, to show that φ is a spherial struture we must show that the left and
right trae oinide for every endomorphism of salar objets. It is equivalent to
show that for every salar objet X, the right and left dimension of X are equals.
Set diml and dimr (resp. dim
0
l and dim
0
r) the left and right dimension dened by
the sovereign struture φ (resp. the spherial struture φ0) and tr
0
r, tr
0
l are the left
and right trae dened by φ0 :
diml(X) = eX∨(idX∨ ⊗ φX)hX
= eX∨(idX∨ ⊗ φ0Xφ0−1X φX)hX
= tr0l (φ0
−1
X φX)
= tr0r(φ0
−1
X φX)
= eX(φ0
−1
X φXφ0
−1
X ⊗ idX∨)hX∨
= eX(φ
−1
X φ0Xφ0
−1
X ⊗ idX∨)hX∨
= eX(φ
−1
X ⊗ idX∨)hX∨
= dimr(X).
The sixth equality ome from the fat that for every salar objet X, we have the
following relation : φ0
−1
X φX = ±idX = φ−1X φ0X .

Proposition 2.6. Let C be a spherial ategory. There is a bijetion between the
set Aut±⊗(1C) = {Ψ ∈ Aut⊗(1C) | for every salar objetX : ΨX = ±idX} and the set
of group morphisms from ΓC to the group {±1}.
Proof. The proof is the same as the proof of the proposition 2.3 
3. Turaev-Viro invariant
In this setion, we reall the onstrution of the Turaev-Viro invariant. Through-
out this setion C will be a spherial ategory
An orientation of a n-simplex F is a map o : Num(F ) → {±1}, where Num(F )
is the set of numberings of F , invariant under the ation of the alternated group
AN+1 ⊂ SN+1.
Let T be an oriented simpliial omplex, we denote the set of oriented p-simplexes
by T po . A oloring of T is a map c : T
1
o → ΛC satisfying :
(i) c(x1x2) = c(x2x1)
∨
, for every oriented 1-simplex (x1x2),
(ii) the unit objet 1 is a subobjet of c(x1x2) ⊗ c(x2x3) ⊗ c(x3x1) for every
oriented 2-simplex (x1x2x3).
We denote by Col(T ) the set of olorings of T .
Let f be an oriented 2-simplex, c be a oloring of T and ν = (x1x2x3) be a
numbering of f ompatible with the orientation of f . Set :
VC(f, c)ν = HomC(1, c(x1x2)⊗ c(x2x3)⊗ c(x3x1)) .
The vetor spae VC(f, c) does not depend on the hoie of the numbering ompat-
ible with the orientation (e.g. [1℄, [5℄, [15℄). From now on the vetor spae VC(f, c)ν ,
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with ν = (x1x2x3), will be denoted by VC(x1x2x3, c). If there is no ambiguity on the
hoie of the oloring c, then VC(x1x2x3, c) will be denoted by VC(x1x2x3).
Let us reall some properties of the vetor spae dened above. For every salar
objets X, Y and Z, we set :
ωC : HomC(1, X ⊗ Y ⊗ Z)⊗k HomC(1, Z∨ ⊗ Y ∨ ⊗ Z∨)→ k∗(3.1)
f ⊗ g 7→ tr(f∨g) .
For every spherial ategory C, the bilinear form ωC is non degenerate (e.g. [1℄, [5℄,
[15℄). Let f be an oriented 2-simplex, we denote by f the 2-simplex f endowed with
the opposite orientation. Let c be a oloring of f , the bilinear form (3.1) indues :
VC(f, c)
∗ ∼= VC(f , c).
In the onstrution of the Turaev-Viro invariant, we assign to every oriented 3-
simplex a vetor whih lies in the vetor spae dened by the faes of the 3-simplex.
The vetor assigned to eah 3-simplex is obtained by the 6j-symbols of the ategory.
More preisely, let T be a triangulation of a 3-manifold M and c be a oloring of
T . We assoiate to every oriented 3-simplex (x1x2x3x4) a vetor L
±((x1x2x3x4), c)
dened by the 6j-symbols of the ategory C :
L+((x1x2x3x4), c) ∈ VC((x2x3x4), c)⊗k VC((x1x4x3), c) ⊗k VC((x1x2x4), c)⊗k VC((x1x3x2), c) ,
if (x1x2x3x4) and M have the same orientation.
L−((x1x2x3x4), c) ∈ VC((x2x4x3), c)⊗k VC((x1x3x4), c)⊗k VC((x1x4x2), c)⊗k VC((x1x2x3), c) .
if (x1x2x3x4) and M have opposite orientations.
Sine the ategory C is spherial, the vetor L+((x1x2x3x4), c) (resp. L+((x1x2x3x4), c))
does not depend on the hoie of the numbering whih respets the orientation of
(x1x2x3x4).
Let us explain the nal step of the onstrution of the Turaev-Viro invariant.
Let T be a triangulation of 3-manifoldM . Every 2-simplex ontained in the interior
of M is the intersetion of a unique pair of 3-simplexes (Fig. 1) (e.g. [1℄, [5℄, [15℄).
0
1
2
i
3
Figure 1.
We set a numbering of this pair of 3-simplexes. We an assume that the 3-
simplex (0123) has the same orientation of the manifold M . Thus the 3-simplex
(i012) (resp. (0i12)) has the same (resp. opposite) orientation of M . We obtain the
following vetors :
L+((0123), c) ∈ VC((123), c)⊗k VC((032), c)⊗k VC((013), c)⊗k VC((021), c) .
L+((i012), c) ∈ VC((012), c)⊗k VC((i21), c)⊗k VC((i02), c)⊗k VC((i10), c) .
We remark that the vetor L+((0123), c) has a omponent in the vetor spae
VC((021), c) and the vetor L
+((i012), c) has a omponent in the vetor spae VC((012), c).
Reall that the vetor spae VC((021), c) is the dual vetor spae of VC((012), c) for
the pairing (3.1). For this pair of vetors, we an apply the pairing (3.1) on the
tensor produt L+((0123), c)⊗ L+((i012), c) :
VC((012), c)⊗ VC((021), c)→ k
f ⊗ g 7→ tr(f∨g) .
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If we onsider the 3-simplex (i012) with the opposite orientation, then we obtain
the following vetor :
L−((0i12), c) ∈ VC((i21), c)⊗k VC((012), c)⊗k VC((021), c) ⊗k VC((0i1), c) .
We an do the same operation. Thus if two 3-simplexes have a ommon fae, we
an do this operation for the vetor spae assigned to the ommon fae of the pair
of 3-simplexes. Sine every 2-simplex in the interior of a 3-manifold is the ommon
fae of a pair of 3-simplexes, for every oloring c of T this operation for every 3-
simplexes of T leads to a salar if the manifoldM is without boundary or to a vetor
in
O
f∈T2
∂M
VC(f, c) if the manifold M has a boundary ∂M . We denote this vetor (or
salar) by Wc.
We introdue some notations. Let Σ be an oriented losed surfae endowed with
a triangulation T0. For every oloring c0 of T0, we set : VC(Σ, T0, c0) =
O
f∈T2
VC(f, c0)
and VC(Σ, T0) =
M
c∈Col(T0)
VC(Σ, T0, c). Let M be 3-manifold with boundary Σ and
T be a triangulation of M suh that its restrition to Σ is T0. For every oloring
c0 ∈ Col(T0), we denote by Colc0(T ) the set of olorings of T suh that the restrition
to T0 is c0. With this notation, for every oloring c ∈ Colc0(T ), we have : Wc ∈
VC(Σ, T0, c0). Furthermore we hoose a square root ∆
1/2
C of ∆C .
For every salar objet X of C, we set dim(X)1/2 a square root of dim(X). The
equalities dim(X)1/2 = dim(X∨)1/2 and dim(X) = dim(X∨) ensure independene of
dim(c(e)), dim(c(e))1/2 of the hoie of the orientation of e, for every oloring c.
Theorem 3.1 (Turaev-Viro invariant [1℄, [5℄, [15℄, [16℄ ). Let C be a spherial
ategory with an invertible dimension, M be a ompat oriented 3-manifold and
∂M be the boundary of M endowed with a triangulation T0. For every oloring
c0 ∈ Col(T0), we set :
(3.2)
TVC(M, c0) = ∆
−n0(T )+n0(T0)/2
C
X
c∈Colc0 (T )
Y
e∈T10
dim(c0(e))
1/2
Y
e∈T1\T10
dim(c(e))Wc ∈ V (∂M, c0T0) ,
where n0(T ) (resp. n0(T0)) is the number of 0-simplexes of T (resp. T0) and T
1\T 10
is the set of 1-simplexes of M\∂M . For every oloring c0 ∈ Col(T0), the vetor
TVC(M, c0) is independent on the hoie of the triangulation of M whih extends
T0. The Turaev-Viro invariant is the vetor :
TVC(M) =
X
c0∈Col(T0)
TVC(M, c0) ∈ VC(∂M, T0) .
From now on, for every oloring c ∈ Colc0(T ) we denote by wc the salarY
e∈T10
dim(c0(e))
1/2
Y
e∈T1\T10
dim(c(e)).
There exists other normalization of the Turaev-Viro invariant. For every obor-
dism M suh that ∂M = Σ+
‘
Σ−, with T+ (resp. T−) a triangulation of Σ+ (resp.
Σ−), we an replae the salar ∆
(n0(T+)+n0(T−))/2
C by ∆
n0(T+)
C or ∆
n0(T−)
C . Turaev
and Viro ([15℄, [16℄) use the salar ∆
(n0(T+)+n0(T−))/2
C to normalize the Turaev-Viro
invariant. Notie that with this normalization, we don't have to hoose a square
root of ∆C . The Turaev-Viro TQFTs obtained from these hanges of normalization
are the same (up to isomorphism).
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4. Homotopial Turaev-Viro invariant
4.1. Fundamental groupoïd. We reall the denition of the fundamental groupoïd
and we set some notations.
Let T be a simpliial omplex. A path of T is a nite sequene v0v1...vn of 0-
simplexes of T in whih eah onseutive pair vivi+1 spans a 1-simplex of T . In
partiular a 0-simplex is a path. Let v be a 0-simplex of T , a loop based at v is a
path v0v1...vn suh that v0 = vn = v. We onsider two paths to be equivalent if we
an obtain one from the other by a nite number of operations of the following type
: If three 0-simplexes u, v, w spans a 2-simplex, the path ...uvw... an be replaed
by the path ...uw... , and vie-versa (Fig. 2). If v and w are 0-simplexes of T then
the path ...vwv... an be replaed by the path ...v... and vie-versa (Fig. 3).
u
w
v
←→
u
w
v
Figure 2.
w
v
u
←→
w
v
u
Figure 3.
These moves dene an equivalene relation over the set of paths, two paths are
equivalents if and only if we an go between any of these two paths by a nite
sequene of moves (Fig 2) and/or (Fig. 3). We will abusively use the notation
v1...vn for the equivalene lass of the path v1...vn.
Let T be a simpliial omplex, the fundamental groupoid of T is the ategory
with objets the 0-simplexes of T and morphisms the equivalene lasses of paths.
The omposition is given by the onatenation of paths. For tehnial reason, we
will onsider the opposite ategory (morphisms are reversed), more preisely the
omposition of oriented 1-simplexes :
...→ x (xy)−−−→ y (yz)−−−→ z → ...
will be written : (yz) ◦ (xy) = (xy)(yz). We denote by π1(T ) the fundamental
groupoid of T . Let v be a 0-simplex of T , we denote by π1(T, v) the ategory
with one objet v and whose morphisms are equivalene lasses of v-loops. There
is an equivalene of ategories between the ategories π1(T ) (resp. π1(T, v)) and
the fundamental group of the topologial spae |T | obtained from T (resp. the
fundamental group of the pointed topologial spae (|T |, v)).
A onneted simpliial omplex is a simpliial omplex T suh that for every
0-simplexes u and v there exists a path between u and v.
DECOMPOSITION OF THE TURAEV-VIRO TQFT 13
Lemma 4.1. Let T be a simpliial omplex and v be a 0-simplex of T . There is an
equivalene of ategories between π1(T ) and π1(T, v).
Proof : The inlusion funtor :
π1(T, v)→ π1(T )
v 7→ v
vv1....vnv 7→ vv1...vnv ,
is a faithful funtor. Sine T is onneted, this funtor is essentially surjetive.

4.2. Colorings. We give a topologial interpretation of the set of olorings. Through-
out this setion C will be a nitely semisimple tensor k-ategory and G will be a
group.
4.2.1. Desription of the set of olorings in the ase of manifolds without boundary.
Let T be a simpliial omplex. A G-oloring c of T is a map :
c : T 1o → G
e 7→ c(e),
satisfying :
(i) for every oriented 1-simplex (x1x2) of T : c(x1x2) = c(x2x1)
−1
,
(ii) for every oriented 2-simplex (x1x2x3) of T : c(x1x2)c(x2x3)c(x3x1) = 1 .
We denote by ColG(T ) the set of G-olorings.
A gauge of T is a map δ : T 0 → G. The gauge group of T is the group of gauges
of T and is denoted by GT . The gauge group GT ats on ColG(T ) in the following
way :
GT × ColG(T )→ ColG(T )(4.1)
(δ, c) 7→ cδ ,
where cδ is the oloring : cδ(xy) = δ(x)c(xy)δ(y)−1, for every oriented 1-simplex
(xy). We denote by ColG(T )/GT the quotient set of ColG(T ) by the ation of the
gauge group GT .
Let c be a G-oloring of T , we denote by [c] the lass of c in ColG(T )/GT . For
every group G, we denote by G the groupoid with one objet and whose the set of
morphisms is G. For easy reading, we will onsider the opposite groupoid, thus the
omposition of map g with f will be written fg.
Proposition 4.2. Let T be a simpliial omplex, C be a semisimple tensor k-
ategory and G be a group. The map :
ColG(T )→ Fun(π1(T ),G)
c 7→ Fc ,
where Fc is the funtor whih sends every 0-simplex of T to the unique objet of G
and sends every oriented 1-simplex (xy) to c(xy), indues the following isomorphism
:
(4.2) ColG(T )/GT ∼= Fun(π1(T ),G)/(iso) ∼= [|T |,K(G, 1)] ,
where [|T |,K(G, 1)] is the set of homotopy lasses of ontinuous maps from the
topologial spae |T | to the Eilenberg-Ma Lane spae K(G, 1).
14 JÉRÔME PETIT
Proof : For every oloring c ∈ ColG(T ), we dene the following funtor Fc :
π1(T ) → G, with Fc(x) = ⋆ for every 0-simplex x and Fc(xy) = c(xy) for every
oriented 1-simplex (xy). The omposition of morphisms is given by onatenation,
it follows that : Fc(x1x2...xn−1xn) = Fc(x1x2)...Fc(xn−1xn). For every oriented 1-
simplex (xy), we have c(xy) = c(yx)−1 and for every oriented 2-simplex (xyz), we
have : c(xy)c(yz) = c(xz). It follows that Fc is well dened on the equivalent lasses
of paths and thus it is a funtor from π1(T ) to G. We have build the following map
:
Ψ : ColG(T )→ Fun(π1(T ),G)(4.3)
c 7→ Fc,
Let us show that this map is bijetive. If two olorings c and c′ dene the same
funtor then for every oriented 1-simplex (xy) of T , we have : c(xy) = Fc(xy) =
Fc′(xy) = c
′(xy). Let F be a funtor from π1(T ) to G. For every oriented 1-
simplex (xy) of T , we set : c(xy) = F (xy). For every oriented 2-simplex (xyz) of
T , we have : F (xy)F (yz) = F (xz) and for every oriented 1-simplex (xy) we have
F (xy)F (yx) = F (xx) = id⋆, thus c ∈ ColG(T ).
Let us show that the bijetion (4.3) indues a bijetion from ColG(T )/GT to
Fun(π1(T ), G)/(iso). Let c and c
′
be two G-olorings of T suh that c′ = cδ with
δ ∈ GT , we set F = ψ(c) and F ′ = Ψ(c′). For every objet x of π1(T ), we set
ηx = δ(x) : F
′(x) → F (x). Let us show that η is a natural isomorphism between F
and F ′. It sues to hek out for every oriented 1-simplex. For every oriented
1-simplex (xy) of T , we have :
F ′(xy)ηy = c
δ(xy)δ(y)
= δ(x)c(xy)
= ηxF (xy) .
Thus Ψ indues a bijetion from ColG(T )/GT to Fun(π1(T ), G)/(iso).

4.2.2. Desription of the set of olorings in the ase of manifolds with boundary. Let
G be a group,M be a 3-manifold, Σ be the boundary ofM and T0 be a triangulation
of Σ. Set ColG,c0(T ) the set of G-olorings of T suh that the restrition to T0 is c0.
For every funtor F0 : π1(T0) → G, Fun(π1(T ),G)F0 is the set of funtors F from
π1(T ) to the groupoid G suh that the diagram :
π1(T )
F // G
π1(T0) ,
?
i
OO
F0
<<xxxxxxxxx
ommutes. In the above diagram, i is the inlusion funtor. We denote by Fun(π1(T ),G)F0/(iso)
the set of isomorphisms lasses of funtor in Fun(π1(T ), G)F0 suh that the restri-
tion of the natural isomorphisms to π1(T0) is idF0 .
Proposition 4.3. Let C be a semisimple tensor k-ategory, T be a simpliial om-
plex and T0 a subomplex of T . For every oloring c0 ∈ Col(T0), the map:
ColG,c0(T )→ Fun(π1(T ), G)Fc0(4.4)
c 7→ Fc,
where the funtor Fc sends every 0-simplex of T to the unique objet of the groupoid
G and every oriented 1-simplex (xy) to c(xy), indues the following isomorphism :
(4.5) ColG,c0(T )/GT ≃ Fun(π1(T ), G)Fc0 /(iso) .
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Proof :
The proof is the same as that of proposition 4.2, i.e. we show that the funtor
Fc is well dened and the map (4.4) indues an isomorphism between the quotient
spaes.

4.3. Constrution of the homotopial Turaev-Viro invariant. From now on,
every spherial ategory has an invertible dimension.
4.3.1. Notations. Let C be a spherial ategory. The graduator ΓC of C is a nite
group. In this ase the Eilenberg-Ma Lane spae K(ΓC , 1) is the lassifying spae
BΓC . From now on, we will use the notation BΓC and the terminology lassifying
spae. LetM be a 3-manifold and T be a triangulation ofM , for every x ∈ [M,BΓC ],
we denote by Colx(T ) the set of olorings c of T suh that the equivalene lass
[c] in ColΓC (T )/GT orresponds to x. We obtain a partition of the set Col(T ) :
Col(T ) =
a
x∈[M,BΓC ]
Colx(T ). If c ∈ Col(T ), we denote by xc ∈ [M,BΓC ] the homotopy
lass assoiated to c by the bijetion (4.2).
LetM be a manifold, Σ be the boundary ofM and T0 be a triangulation of Σ. For
every homotopy lass x0 ∈ [Σ, BΓC ], we denote by [M,BΓC ]Σ,x0 the set of homotopy
lasses of maps from M to the lassifying spae BΓC suh that the homotopy lass
of the restrition to Σ is x0. Thus for every oloring c0 ∈ Col(T0) and for every
triangulation T of M suh that the restrition to Σ is T0, we have the isomorphisms
:
(4.6) ColΓC ,c0/(GT ) ∼= Fun(π1(T ),ΓC)Fc0 /(iso) ∼= [M,BΓC ]Σ,xc0 .
For every oloring c0 ∈ Col(T0) and for every homotopy lass y ∈ [M,BΓC ]Σ,xc0 ,
we denote by Colc0,y(T ) the set of olorings c ∈ Col(T ) satisfying :
• cT0 = c0,
• the equivalent lass [c] ∈ ColΓC ,c0/GT orresponds to y ∈ [M,BΓC ]Σ,xc0 by
the bijetions (4.6).
Let C be a spherial ategory, M be a 3-manifold, Σ be the boundary of M , T0
be a triangulation of Σ and c0 ∈ Col(T0). We an break up the Turaev-Viro state
sum in the following way :
TVC(M, c0) = ∆
−n0(T )+n0(T0)/2
C
X
c∈Colc0(T )
wcWc
= ∆
−n0(T )+n0(T0)/2
C
X
x∈[M,BΓC ](Σ,xc0)
X
c∈Colc0,x(T )
wcWc ,
set : HTVC(M,x, c0) = ∆
−n0(T )+n0(T0)/2
C
X
c∈Colc0,x
wcWc. Let us show that for every
oloring c0 ∈ Col(T0), HTVC(M,x, c0) is an invariant for the triple (M,x, c0). To
prove that we will show that for a xed triangulation of the boundary of M and
a xed oloring c0 of the boundary HTV (M,x, c0) is invariant under the Pahner
moves [11℄. We reall briey the Pahner theorem :
Theorem 4.4 (Pahner theorem [15℄). Two triangulations of a ompat 3-manifold
whih oinide on the boundary of M an hange one into the other by a nite
sequene of ambient isotopy and/or the following loal moves :
First, we will show that for every c0 ∈ Col(T0) the set ColΓC ,c0(T )/GT is invariant
under the Pahner moves.
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←→ ←→
Pahner move (1-4) Pahner move (2-3)
Let T be a simpliial omplex and T0 be a subomplex of T , we denote by
T1 the simpliial omplex obtained from T by substituting a 3-simplex
(non ontained in T0) with (Pahner move 1-4). We denote by T2 the
simpliial omplex obtained from T by substituting (non ontained in T0)
with (Pahner move 2-3). For every oloring c ∈ Col(T1) (resp. Col(T2)),
we denote by cT the restrition of c to the simpliial omplex T .
Lemma 4.5. Let T be a simpliial omplex, T0 be a simpliial subomplex of T and
c0 ∈ Col(T0), the following maps :
ColΓC ,c0(T1)/GT1 → ColΓC ,c0(T )/GT(4.7)
[c] 7→ [cT ],
ColΓC ,c0(T2)/GT2 → ColΓC ,c0(T )/GT(4.8)
[c] 7→ [cT ].
are bijetive.
Proof : Let us show that the map (4.7) is bijetive. Set :
φ1 : ColΓC ,c0(T1)→ ColΓC ,c0(T )
c 7→ cT .
This map is surjetive.
Let c, c′ ∈ ColΓC ,c0(T1) suh that φ1(c) = φ1(c
′), we denote by i the 0-simplex
inside the simpliial omplex and the other 0-simplexes are denoted by
an integer from 1 to 4. Set δ : T 01 → ΓC suh that δ(x) =
(
c′(1i)−1c(1i) if x = i
1 otherwise
.
Thus for every oriented 1-simplex (ki), where k ∈ {2, 3, 4} :
cδ(ki) = c(ki)δ−1(i)
= c(k1)c(1i)δ−1(i)
= c(k1)c(1i)c(1i)−1c′(1i)
= c′(k1)c′(1i)
= c′(ki),
moreover cδ(1i) = c(1i)δ(i)−1 = c′(1i). Thus φ1 denes a map φ1 from the quotient
spae ColΓC ,c0(T1)/GT1 to the quotient spae ColΓC ,c0(T )/GT . This map is well
dened sine if c = c′δ then cT = c
′
T
δ
and is surjetive. Let us show that φ1 is
injetive. Let c, c′ ∈ ColΓC ,c0(T1), if φ1([c]) = φ1([c′]) then [cT ] = [c
′
T ] thus there
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exists δ ∈ GT suh that : cT = c′T δ. Set : δ′(x) =
(
c(1i)−1δ(1)c′(1i) if x = i
δ(x) otherwise
.
Thus we have :
c′δ
′
(1i) = δ′(1)c′(1i)δ′(i)−1
= δ(1)c′(1i)c′(1i)−1δ(1)−1c(1i)
= c(1i)
and for every k ∈ {2, 3, 4} :
c′δ
′
(ki) = c′δ
′
(k1)c′δ
′
(1i)
= c′δ
′
(k1)c(1i)
= c′δ(k1)c(1i)
= c(k1)c(1i)
= c(ki) .
Thus φ1 is a bijetion from ColΓC ,c0(T1)/GT1 to ColΓC ,c0(T )/GT .
Let us show that the map (4.8) is a bijetion. Set :
φ2 : ColΓC ,c0(T2)→ ColΓC ,c0(T )
c 7→ cT .
Let c, c′ ∈ ColΓC (T2) suh that φ2(c) = φ2(c
′), then the olorings c and c′ are
equals on the oriented 1-simplexes of T . Let us show that the equality is still true
on the remaining 1-simplex. We set the following numbering :
PSfrag re laements
i
j
k
l
m.
It follows : c(ij) = c(ik)c(kj) = c′(ik)c′(kj) = c′(ij). Thus the map φ2 is injetive.
Let c be a oloring of T and set the following numbering :
PSfrag replaemen s
i
j
k
l
m .
Set : c′(e) =
(
c(ik)c(kj) if e = (ij)
c(e) otherwise
, this a oloring of T2, indeed :
c′(il)c′(lj) = c(il)c(lj)
= c(ik)c(kl)c(lj)
= c′(ij)
and : c′(im)c′(mj) = c′(ij). Furthermore we have φ2(c
′) = c, thus we have a bijetion
between ColΓC ,c0(T ) and ColΓC ,c0(T2). It indues the bijetion (4.8).

Theorem 4.6. Let C be a spherial, M be 3-manifold, Σ be the boundary of M and
T0 be a triangulation of Σ. For every oloring c0 ∈ Col(T0) and for every homotopy
lass x ∈ [M,BΓC ]Σ,xc0 , where xc0 ∈ [Σ, BΓC ] is obtained from c0, the vetor :
HTVC(M, c0, x) = ∆
−n0(T )+n0(T0)/2
C
X
c∈Colc0,x(T )
wcWc ∈ VC(Σ, T0, c0)
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is an invariant of the triple (M,x, c0). We have the following equality :
(4.9) TVC(M, c0) =
X
x∈[M,BΓC ]Σ,xc0
HTVC(M, c0, x) .
Proof : The splitting (4.9) omes from the Turaev-Viro state-stum and the par-
tition of the set of olorings. Let us show that HTVC(M, c0, x) is an invariant under
the Pahner move (1-4). As previously, we denote by T1 the simpliial omplex
obtained from T by substituting with . To show the invariane
under the Pahner move (1-4), we must show the following equality :
wcWc = ∆
−1
C
X
c′∈Colc0,x(T1)
c′T=c
wc′Wc′ ,
for every oloring c ∈ Colc0,x(T ). By onstrution of the Turaev -Viro invariant [15℄,
for every oloring c ∈ Colc0,x(T ) we have : wcWc = ∆−1C
X
c′∈Colc0(T1)
c′T=c
wc′Wc′ . Using
the bijetion (4.7), we know that for every oloring c ∈ Col(T )c0,x, if c′ ∈ Colc0(T1)
and c′T = c then c
′ ∈ Colc0,x(T1). It results the invariane under the Pahner move
(1-4).
Let us show the invariane under the Pahner move (2-3). As previously, we
denote by T2 the simpliial omplex obtained from T by substituting with
. To show the invariane under the Pahner move (2-3), we must show the
following equality : wcWc =
X
c′∈Colc0,x(T2)
c′T=c
wc′Wc′ , for every oloring c ∈ Colc0,x(T ).
Let c ∈ Colc0,x(T ), by onstrution of the Turaev-Viro invariant we have :
wcWc =
X
c′∈Colc0(T2)
c′T=c
wc′Wc′ ,
using the bijetion (4.8), we know that if c ∈ Colc0,x(T ) then for every oloring
c′ ∈ Colc0(T2) suh that c′T = c, we have : c′ ∈ Colc0,x(T2). It follows the invariane
under the Pahner move (2-3).

Corollary 4.7. Let C be a spherial ategory and M be a 3-manifold without
boundary, the splitting of the Turaev-Viro invariant (4.9) is :
(4.10) TVC(M) =
X
x∈[M,BΓC ]
HTVC(M,x) .
The invariant HTVC is alled the homotopial Turaev-Viro invariant.
We an extend the Turaev-Viro and the homotopial Turaev-Viro invariant to
singular triangulated manifolds. Indeed there is a Pahner theorem for singular
triangulated manifolds :
Theorem 4.8 ([1℄). Two triangulated singular 3-manifolds are pieewise-linear
homeomorphi if and only if they are related by a nite sequene of ambient isotopy
and/or Pahner moves (1-4) and/or (2-3).
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Thus we an dened the Turaev-Viro invariant and the homotopial Turaev-
Viro invariant to singular triangulated manifold. In this ase we obtain the same
splitting (4.9) and (4.10).
5. Examples
5.1. The three dimensional sphere S3. The three dimensional sphere S3 admits
a singular triangulation with one tetrahedron [6℄, denoted by (x1, x2, x3, x4) , and
the following identiations of the 2-simplexes :
(x1, x4, x2) = (x3, x4, x2) ,
(x1, x3, x4) = (x3, x2, x1) .
After this identiation, we obtain a singular triangulation with one 0-0-simplex
denoted by x and two 1-simplexes denoted by a and b. Below is a gure of this
singular triangulation.
x
x
x
x
TTTTTTTjja

FFa

??
a**
**
**
**
**
 b
LLLLLLLLL
ff a
e e e
e e e
err a
S3
5.1.1. Group ategories.
Colorings. Let G be a nite group, C be a group ategory suh that G is the
group of salar objets of C (up to isomorphism) and c be a oloring of S3. With
the above notations, we set c(a) = g and c(b) = h, by onstrution of the singular
triangulation of S3, we obtain the following relations :
g2 = g ,
g2h = 1 .
It results that for every oloring c, we have : c(a) = c(b) = 1. Reiproally the data
(1, 1) ∈ G2 denes a oloring of S3. Sine there is only one oloring, the homotopial
Turaev-Viro invariant is equal to the Turaev-Viro invariant :
TVC(S
3) = HTVC(S
3, 0) =
1
♯G
,
where 0 ∈ [S3, BG] is the trivial homotopy lass.
5.1.2. Uq(sl2) with q root of unity. Let r ≥ 3 and A be a primitive 2r-th root of
unity suh that A2 = q is a primitive r-th root of unity. The set of salar objets
(up to isomorphism) is given by the set of integers {0, ..., r − 2}. The graduator of
this ategory is the yli group Z2. Throughout this setion we will onsider the
group Z2 endowed with the multipliative notation. The dimension of the salar
objet i is : dim(i) = (−1)i Ai+1−A−i−1
A−A−1
= (−1)i[i + 1]q, with 0 ≤ i ≤ r − 2. The
dimension of the ategory is the salar : ∆Uq(sl2) =
r−2X
i=0
dim(i)2 =
−2r
(A−A−1)2 .
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Colorings. For every oloring c of the above singular triangulation of S3, we set
: X = c(a) and Y = c(b). By onstrution of the singular triangulation of S3, one
gets :
(i) 3X ≤ 2r − 4 and 2X + Y ≤ 2r − 4,
(ii) Y ≤ 2X,
(iii) X = 0 mod 2 and Y = 0 mod 2 .
Conversely a pair of positive integers (X,Y ), with 0 ≤ X,Y ≤ r − 2, whih respets
the onditions (i), (ii) and (iii) dened a oloring c of S3, in suh a way : c(a) = X
and c(b) = Y . From now on, we denote c = (X,Y ) a oloring of S3.
Let c = (X,Y ) be a oloring of S3, we denote by |X| the image of the salar
objet X in the graduator Z2. The relation (iii) implies : |X| = |Y | = 1, thus there
is a unique equivalene lass of oloring. It follows that the Turaev-Viro invariant
is equal to the homotopial Turaev-Viro invariant :
(5.1) TV (S3) = HTV (S3, 0) =
1
∆
,
where 0 ∈ [S3, BZ2] is the trivial homotopy lass.
5.2. The 3-torus S1 × S1 × S1. Below is a singular triangulation of the 3-torus
S1 × S1 × S1 :
x x
x x
x x
xx
//
a
OOOOc
//
a
OOOO c
ooooooooooo
j
Jb
eeeeeeeeeeeeeeeeeeeeeeeeeee
%e
f
//a
ooooooooooo
j
J
b
OOOO c
ooooooooooo
j
J b
________ //a eeeeeeeeeeeeee
%e
f











OOOO
c















RII II d

RII II d

GCC e



















g
oooooo
j
J
b













GCC e
S1 × S1 × S1
5.2.1. Group ategories.
Colorings. Let G be a nite group, α ∈ H3(G, k∗). Let c˜ be a oloring of the above
singular triangulation of S1 × S1 × S1, it follows that c˜ is dened by the 7-tuple
(a, b, c, d, e, f, g, h). Furthermore by denition of the olorings, we have the following
relations :
d = bc = cb ,
e = ac = ca ,
f = ab = ba ,
g = fc = abc .
It follows that the oloring c˜ is desribed by the triple (a, b, c), where ab = ba,
ac = ca and bc = cb. Reiproally, every triple (a, b, c) suh that ab = ba, ac = ca
and bc = cb dened a oloring of S1 × S1 × S1. For every g ∈ G, we denote by Ng
the set {h ∈ G|hg = gh}. The set of oloring of the 3-torus for the above singular
triangulation is {(a, b, c) ∈ G3|b ∈ Ng , lc ∈ Ng and bc = cb}. From now on, every
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oloring c˜ of the 3-torus will be denoted by c˜ = (a, b, c), with a, b, c ∈ G3 suh that
b, c ∈ Ng and bc = cb.
5.2.2. Gauge ations. We have built a singular triangulation with one 0-0-simplex,
thus the gauge group on this singular triangulation an be identied to the group
G. Sine the graduator of a group ategory is the group of salar objets (up to
isomorphism). Thus the olorings have value in the graduator and so the gauges
at diretly on the olorings. Let us desribe the equivalent lasses of olorings
under the gauge ation.
Let c˜ = (a, b, c) and c˜′ = (a′, b′, c′) be two olorings of the 3-torus, they are
equivalent under the gauge ation if and only if there exists a gauge h ∈ G, suh
that :
a′ = hah−1 ,(5.2)
b′ = hbh−1 ,(5.3)
c′ = hch−1 .(5.4)
The equivalene lasses of olorings are the onjugay lasses of the triple (a, b, c).
Notie that if the group G is abelian, there are exatly G3 equivalene lasses of
olorings.
Computation for the yli group ZN
Let us reall that the ohomology group H3(ZN , U(1)) is ZN and is generated by
the ohomology lass of αN dened as follows (See [10℄) :
(5.5) αN (x, y, z) = exp((2iπ/N
2)z(x+ y − xy)) ,
where x denotes the integer between 0 and N − 1 representing an element x ∈ ZN .
We have :
αN (x, y, z) =
8><
>:
1 when x or y or z is equal to 1 ,
1 when x+ y < N ,
exp(2πz/N) when x+ y ≥ N
In the ase of Group ategories the Turaev-Viro invariant and the Dijkgraaf
Witten invariant are the same [12℄, it follows :
(5.6) TVZN,αN (S
1 × S1 × S1) = 1
N
X
(a,b,c)∈Z3
N
αN (a, b, c)αN (b, c, a)αN (c, a, b)
αN (a, c, b)αN (c, b, a)αN (b, a, c)
= N2 .
The homotopial Turaev-Viro invariant is :
(5.7)
HTVZN,αN (S
1×S1×S1,_) =
„
1
N
αN (a, b, c)αN (b, c, a)αN (c, a, b)
αN (a, c, b)αN (c, b, a)αN (b, a, c)
«
(a,b,c)∈Z3
N
=
„
1
N
«
(a,b,c)∈Z3
N
5.2.3. The quantum group Uq(sl2).
Colorings. Let r ≥ 3, A be a 2r-th root of unity suh that A2 = q is a r-th root
of unity. Let c˜ be a oloring of the triangulation of S1 × S1 × S1, the oloring c˜ is
determined by the 7-tuple (a, b, c, d, e, f, g) whih veries :
(i) 0 ≤ a, b, c, d, e, f, g, h ≤ r − 2
(ii) (a, b, f), (b, c, d), (a, c, e), (c, f, g) are admissible triple,
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Gauge ations. Let us desribe the equivalene lasses of olorings of the 3-
torus. Let c˜ = (a, b, c, d, e, f, g) be a oloring of the 3-torus, we denote by |c˜| =
(|a|, |b|, |c|, |d|, |e|, |f |, |g|) the oloring obtained by projetion to the graduator Z2.
The oloring |c˜| is a Z2-oloring. Using the example for group ategories, we know
that |c˜| is determined by the triple (|a|, |b|, |c|). Furthermore sine Z2 is an abelian
group, two olorings c˜ = (a, b, c, d, e, f, g) and c˜′ = (a′, b′, c′, d′, e′, f ′) are equivalent
for the gauge ation if and only if (|a|, |b|, |c|) = (|a′|, |b′|, |c′|). Thus the set of equiv-
alene lasses of a oloring c˜ = (a, b, c, d, e, f, g) is given by the lass of (|a|, |b|, |c|). It
follows :
HTVUq(sl(2))(S
1 × S1 × S1,_) =
0
BBB@ −2r(A− A−1)2
X
c˜=(a,b,c,d,e,f,g,h)
|a|=i,|b|=j|c|=k
wc˜Wc˜
1
CCCA
(i,j,k)∈Z32
,
(5.8)
with wc˜ = dim(a) dim(b)... dim(h) andWc˜ =
(
a b f
c g d
)2(
a c e
b g d
)2(
a b f
g c e
)2
.
The homotopy lasses are given by the equivalene lasses of olorings :
(1, 1, 1), (1, 1,−1), (1,−1, 1), (−1, 1, 1), (−1, 1,−1), (−1,−1, 1), (1,−1,−1), (−1,−1,−1) ∈ Z3 .
Let us prove that HTVUq(sl(2))(S
1×S1×S1, (−1, 1, 1)) and HTVUq(sl(2))(S1×S1×
S1, (1,−1, 1)) are equal. The formula (5.8) gives :
HTVUq(sl(2))(S
1 × S1 × S1, (−1, 1, 1)) =
X
a,b,c,d,e,f,g
|a|=|e|=|f |=|g|=−1
|b|=|c|=|d|=1
wc˜
(
a b f
c g d
)2(
a c e
b g d
)2(
a b f
g c e
)2
,
HTVUq(sl(2))(S
1 × S1 × S1, (1,−1, 1)) =
X
a,b,c,d,e,f,g
|b|=|d|=|f |=|g|=−1
|a|=|c|=|e|=1
wc˜
(
a b f
c g d
)2(
a c e
b g d
)2(
a b f
g c e
)2
.
The 6j-symbols are invariant under the ation of the alternated group A4 on the
0-simplexes, it gives the following relations ([9℄, [16℄) :(
i j k
l m n
)
=
(
j i k
m l n
)
=
(
i k j
l n m
)
=
(
i m n
l j k
)
=
(
l m k
i j n
)
=
(
l j n
i m k
)
,
with (i, j, k), (i,m, n), (j, l, n) and (k, l,m)) admissible triples. Using the above rela-
tions, one gets :
HTVUq(sl(2))(S
1 × S1 × S1, (1,−1, 1)) =
X
a,b,c,d,e,f,g
|b|=|d|=|f |=|g|=−1
|a|=|c|=|e|=1
wc˜
(
b a f
g c d
)2(
b c d
a g e
)2(
b a f
c g e
)2
= HTVUq(sl(2))(S
1 × S1 × S1, (−1, 1, 1)) .
Similarly, we prove the following equalities :
HTVUq(sl(2))(S
1 × S1 × S1, (1, 1,−1)) = HTVUq(sl(2))(S1 × S1 × S1, (1,−1, 1))
= HTVUq(sl(2))(S
1 × S1 × S1, (−1, 1, 1))
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and
HTVUq(sl(2))(S
1 × S1 × S1, (1,−1,−1)) = HTVUq(sl(2))(S1 × S1 × S1, (−1,−1, 1))
= HTVUq(sl(2))(S
1 × S1 × S1, (−1, 1,−1)) .
Table.
r TVUq(sl(2)) HTVUq(sl(2))
3 4 (1/2, 1/2, 1/2, 1/2, 1/2, 1/2, 1/2, 1/2)
4 9 (2, 1, 1, 1, 1, 1, 1, 1)
5 16 (2, 2, 2, 2, 2, 2, 2, 2)
6 25 (4, 3, 3, 3, 3, 3, 3, 3)
5.3. The lens spaes. Lens spaes L(p, q), with 0<q<p and (p,q)=1, are oriented
ompat 3-manifolds, whih result from identifying on the sphere S3 = {(x, y) ∈ C2 |
|x|2 + |y|2 = 1} the points whih belong to the same orbit under the ation of the
yli group Zp dened by (x, y) 7→ (wx,wqy) with w = exp(2iπ/p).
A singular triangulation of L(p, q) is obtained by gluing together p tetrahedra
(ai, bi, ci, di), i = 0, ..., p − 1 aording to the following identiation of faes (i + 1
and i+ q are understood modulo p) :
(ai, bi, ci) = (ai+1, bi+1, ci+1)(5.9)
(ai, bi, ci) = (bi+q , ci+q , di+q)(5.10)
The identiation of (5.9) an be realized by embedding the p tetrahedra in Eu-
lidean three-spae, leading to a prismati solid with p+2 0-simplexes a, b, ci, 2p ex-
ternal faes, 3p external edges and one internal axis (a, b). Then formula (5.10) is in-
terpreted as the identiation of the surfae triangles (a, ci, ci+1) and (b, ci+q , ci+1+q).
5.3.1. Group ategories.
Colorings. Let G be a nite group, α ∈ H3(G, k∗) and c be a oloring of the
singular triangulation of L(p, q) desribed above. We set g = c(ab), hi = c(bci) and
ki = c(cici+1). By denition of the olorings, we have the following relations :
c(aci) = c(ab)c(bci) = ghi(5.11)
hi+1 = c(bci+1) = c(bci)c(cici+1) = hiki(5.12)
The identiation of the 2-simplexes (a, ci, ci+1) and (b, ci+q , ci+1+q) gives :
ki = ki+q(5.13)
c(aci) = hi+q(5.14)
The relations (5.14) and (5.11) give : hi = hi+pq = c(aci+(p−1)q) = ... = g
phi. It
implies that gp = e. Sine (p, q) = 1, the relation (5.13) implies that ki is independent
of i, we set ki = k ∈ G. There exists an integer n suh that n is the inverse of q
modulo p. One gets : gnhi = hi+nq = hi+1. By indution, it follows : hi = g
inh0. We
set h0 = h ∈ G. The relation gnhi = hi+1 ompared to (5.12) gives k = h−1i gnhi =
h−1gnh. Conversely, the data g, h ∈ G with gp = e determines a oloring of the
singular triangulation of L(p, q) through the formulas :
gi = g ,(5.15)
hi = g
inh ,(5.16)
ki = h
−1gnh .(5.17)
Gauge ations
The data (g, h) ∈ G with gp = e denes a oloring of the above singular triangu-
lation of L(p, q). All the gauge ations on the olorings are on the form :
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δ.g = δ(a).g.δ(a)−1 ,(5.18)
δ.hi = δ(a).hi.δ(ci) ,(5.19)
with δ : T 0 → G. Two olorings (g, h) and (g′, h′) are equivalent under the gauge
ations if and only if there exist x, y ∈ G suh that : g′ = xgx−1 and h′ = xhy−1. We
an notie that if G is an abelian group then the equivalene lass of the oloring
(g, h) is the set {(g, h)}h∈G.
Computation for ZN .
In this ase, the Turaev-Viro invariant is the Dijkgraaf-Witten invariant [12℄ :
(5.20) TVZN,αN (L(p, q)) =
1
N2
X
g,h∈ZN,g
p=e
p−1Y
i=0
αN (g, g
inh, h−1gnh) ,
with αN (5.5) the 3-oyle whih generates H
3(ZN , U(1)).
First ase p ∤ N
In this ase the set of olorings is {(1, h)}h∈ZN and there is only one equivalent
lass of oloring. It follows that : TVZN,αN (L(p, q)) = HTVZN,αN (L(p, q), 0), with
0 ∈ [L(p, q), BZN ] the trivial homotopy lass. We obtain :
TVZN,αN (L(p, q)) =
1
N2
X
h∈ZN
p−1Y
i=0
αN (1, h, 1) =
1
N
.
Seond ase p | N
In this ase the number of homotopy lasses is #{g ∈ ZN | gp = 1}. The invariant
HTVZN,αN is :
(5.21)
HTVZN,αN (L(p, q),−) = (
1
N
,
1
N2
X
h∈ZN
p−1Y
i=0
α(g1, g
in
1 h, g
n
1 ), ...,
1
N2
X
h∈ZN
p−1Y
i=0
α(gk, g
in
k h, g
n
k )) ,
with g1, ..., gk ∈ ZN suh that gpi = 1 for all 1 ≤ i ≤ k. We refer to the Setion 8 for
some values.
5.3.2. Uq(sl2) with q root of unity.
Colorings. Let us reall that for the previously singular triangulation of L(p, q)
we denote by (a, b, ci, ci+1), with 0 ≤ i ≤ p− 1, the 3-simplexes. Let c be a oloring
of this singular triangulation, we set :
c(ab) = X ,
c(bci) = Yi ,
c(cici+1) = Zi ,
c(aci) = Ki .
The identiation of the 2-simplexes (a, ci, ci+1) and (b, ci+q , ci+q+1) gives the fol-
lowing relations :
Ki = Yi+q ,
Zi = Zi+q ,
for all 0 ≤ i ≤ p − 1. Sine (p, q) = 1, there exists an integer n suh that : nq = 1
mod p. It follows : Zi+1 = Zi+nq = Zi. We set Zi = Z0 = Z. Thus a oloring of
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L(p, q) is determined by the olors of the edges : (ab), (cici+1) and (bci). From now
on, a oloring c of L(p, q) will be denoted by (c(ab), c(cici+1), c(bci)).
5.3.3. Gauge ations. For every salar objet X, |X| denotes the image of the
salar objet X by the projetion map |?| : ΛUq(sl2) → Z2.
Let n be an integer suh that nq = 1 mod p. For every oloring c = (X,Z, Yi),
(|X|, |Z|, |Yi|) is a Z2-oloring of L(p, q). From the omputation int he ase of group
ategories, one gets :
|Yi| = |X|inh ,
|Z| = |X|n ,
with h ∈ Z2. Using the ase of group ategories, we know that two olorings
(|X|, |Z|, |Yi|) and (|X′|, |Z′|, |Y ′i |) are equivalent if and only if |X| = |X′|. It results
that two olorings c = (X,Z, Yi) and c
′ = (X′, Z′, Y ′i ) are equivalent if and only if
|X| = |X′|. Thus the parity of X desribes the equivalent lasses. There exists at
most two homotopy lasses, the trivial homotopy lass 0 ∈ [L(p, q), BZ2] orresponds
to the equivalene lass of the oloring (X,Z, Yi) with |X| = 1. Then the Turaev-Viro
invariant an be written in the following way :
TVUq(sl2)(L(p, q)) = ∆
−2
Uq(sl2)
X
c=(X,Z,Yi)
wcWc
= ∆−2Uq(sl2)
0
BBB@
X
c=(X,Z,Yi)
|X|=1
wcWc +
X
c=(X,Z,Yi)
|X|=−1
wcWc
1
CCCA .(5.22)
We denote byHTV0(L(p, q)) (resp. HTV1(L(p, q))) the state sum∆
−2
Uq(sl2)
X
c=(X,Z,Yi)
|X|=1
wcWc
(resp. ∆−2Uq(sl2)
X
c=(X,Z,Yi)
|X|=−1,|X|p=1
wcWc). The state sumHTV0 is the homotopial Turaev-
Viro invariant for the trivial homotopy lass, and HTV1 is the homotopial Turaev-
Viro obtained for the other homotopy lass.
If p is odd.
In this ase the set of olorings is (X,Z, Yi)|X|=1,Z,Yi , it follows that there is only
one homotopy lass given by the equivalene lass of the oloring (0, Z, Yi). We
obtain : TV (L(p, q)) = HTV0(L(p, q)) and HTV1(L(p, q) = 0.
5.3.4. The ase r = 3. The set of irreduible salar objets (up to isomorphisms)
onsists of two elements 0 and 1. Up to permutation there are only two admissible
(unordered) triples : (0, 0, 0) and (0, 1, 1).
Let A be a 6th root of unity with A2 = q a 3rd root of unity. It follows that :
q2 + q + 1 = 0. Set ǫ = A+ A−1 6= 0. We obtain :
ǫ2 = q + 2 + q−1
= q + 1− q
= 1
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Thus ǫ = 1 if the real part of A is positive and ǫ = −1 if the real part of A is negative.
We have :
dim(0) = 1 ,
dim(1) = −ǫ ,
∆Uq(sl2) = 2 .
Eah admissible 6-tuple may be transformed by the ation of the alternating A4 ⊂
S4 into one of the three 6-tuples : (0, 0, 0, 0, 0, 0), (1, 1, 0, 1, 1, 0) and (0, 1, 1, 1, 0, 0).
We obtain the following 6j-symbols :˛˛˛
˛˛ 0 0 0
0 0 0
˛˛˛
˛˛ = 0 ,
˛˛˛
˛˛ 1 1 0
1 1 0
˛˛˛
˛˛ = −ǫ ,
˛˛˛
˛˛ 0 1 1
1 0 0
˛˛˛
˛˛ =
(
ı if ǫ = 1 ,
1 if ǫ = −1 .
The homotopial Turaev-Viro invariant is :
(HTV0(L(p, q)),HTV1(L(p, q))) =
(
(1/2, 0) if p is odd
(1/2, (−ǫ)p/2/2) if p is even
6. Splitting of the Turaev-Viro TQFT
In this setion, we will build a splitting of the Turaev-Viro TQFT. To obtain
this splitting, we will use the homotopial Turaev-Viro invariant (Theorem 4.6).
Throughout this setion, the ategory C is a spherial ategory with an invertible
dimension in k.
6.1. The Turaev-Viro TQFT. Let Σ and Σ′ be two oriented losed surfaes,
a obordism from Σ to Σ′ is a 3-manifold whose boundary is the disjoint union :
Σ
‘
Σ′. Let M and M ′ be two obordisms from Σ to Σ′, M and M ′ are equiva-
lents if there exists an isomorphism between M and M ′ suh that it preserves the
orientation and its restrition to the boundary is the identity.
The obordism ategory is the ategory where objets are losed and oriented
surfaes and morphisms are equivalent lasses of obordisms. The obordism ate-
gory is denoted by Cob1+2. The disjoint union and the empty manifold ∅ dene a
strit monoidal struture on Cob1+2.
A TQFT is a monoidal funtor from the obordism ategory to the ategory of
nite dimensional vetor spaes.
We will reall the onstrution of the Turaev-Viro TQFT. Let Σ be an oriented
losed surfae and T be a triangulation of Σ. We assoiate to the pair (Σ, T ) a vetor
spae VC(Σ, T ) =
M
c∈Col(T )
O
f∈T20
V (f, c), where V (f, c) = HomC(1, c(01)⊗ c(12)⊗ c(20))
for every f = (012). The vetor spae V (f, c) does not depend on the hoie of a
numbering whih respets the orientation. The vetor spae
O
f∈T20
V (f, c) is dual to
O
f∈T20
V (f, c), the duality pairing ΩC,c :
O
f∈T20
V (f, c)⊗k
O
f∈T20
V (f, c) is indued by the
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non degenerate bilinear form (3.1) :
ωC : HomC(1, X ⊗ Y ⊗ Z)⊗k HomC(1, Z∨ ⊗ Y ∨ ⊗ Z∨)→ k∗
f ⊗ g 7→ tr(f∨g) ,
for every objets X, Y and Z. The duality pairings orresponding to all olorings
of T determine a bilinear form ΩC : VC(Σ, T )⊗k VC(Σ, T )→ k by the formula :
(6.1) ΩC(
M
c∈Col(T )
xc,
M
c∈Col(T )
yc) =
X
c∈Col(T )
ωC,c(xc, yc) ,
where xc ∈
Q
f∈T20
V (f, c) and yc ∈
Q
f∈T20
V (f, c) for all oloring c ∈ Col(T ). The
bilinear form (6.1) is non degenerate and symmetri.
Let Σ (resp. Σ′) be an oriented surfae endowed with a triangulation T (resp.
T ′) and M be a obordism from Σ to Σ′, for every olorings c ∈ Col(T ) and c′ ∈
Col(T ′) we have the following vetor : TVC(M, c, c
′) ∈ VC(Σ, T, c) ⊗ VC(Σ′, T ′, c′) ∼=
VC(Σ, T, c)
∗ ⊗ VC(Σ′, T ′, c′). The vetor spaes VC(Σ, T, c) and VC(Σ′, T ′, c′) are nite
dimensional vetor spaes, thus we an build the following linear map :
TVC(M)c,c′ : VC(Σ, T, c)→ VC(Σ′, T ′, c′) ,
thus the matrix
„
TVC(M)c,c′
«
c∈Col(T ),c′∈Col(T ′)
denes a linear map :
[M ] =
„
TVC(M)c,c′
«
c∈Col(T ),c′∈Col(T ′)
: VC(Σ, T )→ VC(Σ′, T ′) .
By onstrution of the Turaev-Viro invariant (Theorem 1.8 [15℄), we have the fol-
lowing relation : let Σ, Σ′ and Σ′′ be losed surfaes endowed with the triangulations
T , T ′ and T ′′, for every obordismsM : (Σ, T )→ (Σ′, T ′) andM ′ : (Σ′, T ′)→ (Σ′′, T ′′)
we have : TVC(M
′ ∪Σ′ M) = ontrΣ(TVC(M ′) ⊗ TVC(M)), where ontrΣ is the on-
tration :
(6.2) VC(Σ, T )⊗k VC(Σ′, T ′)⊗k VC(Σ′, T ′)⊗k VC(Σ′′, T ′′)→ VC(Σ, T )⊗k VC(Σ′′, T ′′)
indued by the form ΩC in VC(Σ
′, T ′). It follows that : [M ′ ∪Σ′ M ] = [M ′] ◦ [M ].
Furthermore the map [Σ × I ] : VC(Σ, T ) → VC(Σ, T ) is an idempotent denoted by
pΣ,T . Set VC(Σ, T ) = im(pΣ,T ) and for every obordism M : Σ → Σ′ we denote by
VC(M) = [M ]
im(pΣ,T )
the restrition of [M ] to im(pΣ,T ). The vetor spae VC(Σ, T )
is independent on the hoie of the triangulation T . Indeed for every triangulations
T and T ′ of Σ, the equivalene lass of the obordism Σ × I, where the surfae
Σ × {0} is endowed with the triangulation T and the surfae Σ × {1} is endowed
with the triangulation T ′, is an isomorphism; the inverse is the obordism Σ × I
where Σ×{0} (resp. Σ×{1}) is endowed with the triangulation T ′ (resp. T ). Thus
the linear map dened by this obordism is an isomorphism between VC(Σ, T ) and
VC(Σ, T ′). From now on we will denote by VC the Turaev-Viro TQFT, for every
losed surfae Σ we denote by VC(Σ) the vetor spae assoiated to Σ and for every
obordism M we denote by VC(M) the linear map assoiated to M .
6.2. The splitting of the Turaev-Viro TQFT. From now on, for every homo-
topy lasses x ∈ [Σ, BΓC ] and x′ ∈ [Σ′, BΓC] we denote by [M,BΓC ](Σ,x),(Σ′,x′) the
set of homotopy lasses of [M,BΓC ] suh that the homotopy lass of the restrition
to Σ (resp. Σ′) is x (resp. x′).
For every oriented surfae Σ endowed with a triangulation T , we an deompose
the vetor spae VC(Σ, T ) in the following way :
VC(Σ, T ) =
M
x∈[Σ,BΓC ]
M
c∈Colx(T )
VC(Σ, T, c) =
M
x∈[Σ,BΓC ]
VC(Σ, T, x) ,
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where VC(Σ, T, x) is the vetor spae
M
c∈Colx(T )
VC(Σ, T, c).
Let M be a obordism from (Σ, T ) to (Σ′, T ′), c be a oloring of T and c′ be a
oloring of T ′. For every homotopy lass y ∈ [M,BΓC ](Σ,xc),(Σ′,xc′ ), we know that
HTVC(M,y, c, c
′) is a vetor in VC(Σ, T, c)
∗⊗VC(Σ′, T ′, c′). This vetor denes a linear
map :
HTVC(M,y, c, c
′) : VC(Σ, T, c)→ VC(Σ, T ′, c′) .
Let x ∈ [Σ, BΓC ] and x′ ∈ [Σ, BΓC ], for every y ∈ [M,BΓC ](Σ,x),(Σ′,x′) the matrix„
HTVC(M,y, c, c
′)
«
c∈Colx(T ),c′∈Colx(T ′)
denes a linear map :
„
HTVC(M,y, c, c
′)
«
c∈Colx(T ),c′∈Colx(T ′)
: VC(Σ, T, x)→ VC(Σ′, T ′, x′) .
This map is denoted by H˜TVC(M,y)x,x′.
Compositions. Let M be a obordism from (Σ, T ) to (Σ′, T ′), M ′ be a obor-
dism from (Σ′, T ′) to (Σ′′, T ′′), x ∈ [Σ, BΓC] and x′′ ∈ [Σ′′, BΓC]. By onstru-
tion of the homotopial Turaev-Viro invariant for every y ∈ [M,BΓC ](Σ,x),(Σ′,x′),
y′ ∈ [M ′, BΓC ](Σ′,x′),(Σ′′,x′′), c ∈ Colx(T ) and c′′ ∈ Colx”(T”), we have :
HTVC(M
′ ∪Σ′ M,y ∪ y′, c, c′′) = ontrΣ′,x′(HTVC(M,y, c, c′)⊗HTVC(M ′, y′, c′, c′′)) ,
where ontrΣ′,x′ is the ontration :
VC(Σ, T, x)⊗kVC(Σ′, T ′, x′)⊗kVC(Σ′, T ′, x′)⊗kVC(Σ′′, T ′′, x′′)→ VC(Σ, T, x)⊗kVC(Σ′′, T ′′, x′′)
indued by the form ΩC in VC(Σ
′, T ′, x′) and with y ∪ y′(x) =
(
y(x) if x ∈M ,
y′(x) if x ∈M ′ . .
It follows :X
c′∈Colx′(T
′)
HTVC(M
′, c′, c′′, y′) ◦HTVC(M, c, c′, y)l = HTVC(M ′ ∪Σ M, c, c′′y ∪ y′) .
The omposition is well dened, let us show that the morphism (Σ × I)T,T :
(Σ, T )→ (Σ, T ) denes an idempotent of VC(Σ, T, x).
Idempotents. Let Σ be a surfae, the inlusion Σ →֒ Σ×I is a deformation retrat,
thus there exists a unique homotopy lass y ∈ [Σ× I,BΓC ] suh that the homotopy
lass of the restrition to Σ × {0} is x. More preisely, y is the homotopy lass of
the following map :
Σ× I → BΓC
(z, t) 7→ x(z).
We denote by 1x this homotopy lass. Assume that there exists an homotopy
lass y ∈ [Σ × I,BΓC ](Σ,x),(Σ,x′) then there exists a map : Y : Σ × I → BΓC suh
that YΣ×{0} (resp. yΣ×{1}) is homotopi to x (resp. x
′
). It follows that the linear
map H˜TVC(M × I, y)x,x′ is dened if and only if the homotopy lasses x and x′ are
the same. When this linear map is dened then 1x is the unique homotopy lass
of [Σ × I ](Σ,x),(Σ′,x′). We denoted by pΣ,T,x the linear map H˜TVC(Σ× I, 1x)x,x. By
denition of the omposition, this endomorphism is an idempotent.
Lemma 6.1. For every surfae Σ endowed with a triangulation T , we have :
pΣ,T =
M
x∈[Σ,BΓC ]
pΣ,T,x.
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Proof : For every 3-manifoldM with boundary Σ, for every triangulation T of Σ
and for every oloring c ∈ Col(T ), we have : TVC(M, c) =
X
x∈[M,BΓC ]Σ,xc
HTVC(M,x, c).
Thus ifM = Σ×I, then TVC(Σ× I, c, c′) =
X
y∈[Σ×I,BΓC ](Σ,xc),(Σ,xc′ )
HTVC(Σ× I, y, c, c′).
Previously we have shown that if the homotopy lasses xc and xc′ are dierent then
[Σ × I,BΓC ](Σ,xc),(Σ,xc′) is the empty set and if the homotopy lasses xc and xc′
are the same then [Σ × I,BΓC ](Σ,xc),(Σ,xc′) = {1xc}. Thus if c, c
′ ∈ Colx(T ) then
TVC(Σ×I, c, c′) = HTVC(Σ×I, 1x, c, c′). Furthermore if c ∈ Colx(T ) and c′ ∈ Colx′(T )
with x 6= x′ then TVC(Σ× I, c, c′) = 0. It follows that pΣ,T =
M
x∈[Σ,BΓC ]
pΣ,T,x.

For every losed surfae Σ endowed with a triangulation T , we set : WC(Σ, T, x) =
im(pΣ,T,x) . Let M be a obordism from (Σ, T ) to (Σ
′, T ′), for every x ∈ [Σ, BΓC ],
x′ ∈ [Σ′, BΓC ] and y ∈ [M,BΓC ](Σ,x),(Σ′,x′), we denote byWC(M,y)x,x′ the restrition
of H˜TVC(M,y)x,x′ to the vetor spaes WC(Σ, T, x) and WC(Σ′, T ′, x′). By denition
of the omposition, WC(M,y)x,x′ is a linear map from WC(Σ, T, x) to WC(Σ′, T ′, x′).
Let us show that WC(Σ, T, x) doesn't depend on the hoie of the triangulation.
For every losed surfae Σ and for every triangulations T and T ′ of Σ, the linear
mapWC(Σ×I, 1x)x,x :WC(Σ, T, x)→WC(Σ, T ′, x) is an isomorphism. Thus the spae
WC(Σ, T, x) doesn't depend on the hoie of the triangulation T , from now on we
denote this vetor spae by WC(Σ, x). Notie that if T = T ′ then WC(Σ× I, 1x)x,x =
idWC(Σ,T,x)
.
Theorem 6.2. Let C be a spherial ategory. For every losed and oriented surfae
Σ, we have the following deomposition of the Turaev-Viro TQFT VC :
(6.3) VC(Σ) =
M
x∈[Σ,BΓC ]
WC(Σ, x).
For every obordism M : Σ0 → Σ1 and for every x0 ∈ [Σ0, BΓC ], x1 ∈ [Σ1, BΓC ],
we denote by VC(M)x0,x1 the following restrition of the map VC(M) :
VC(Σ0)
VC(M) // VC(Σ1)
VC(Σ0, x0)
?
OO
VC(M)x0,x1
// VC(Σ1, x1) .
?
OO
We have the following splitting :
(6.4) VC(M)x0,x1 =
M
y∈[M,BΓC ](Σ0,x0),(Σ1,x1)
WC(M,y)x0,x1 ,
Proof : The splitting (6.3) is a onsequene of the lemma 6.1.
Let us show the deomposition (6.4). LetM : (Σ0, T0)→ (Σ1, T1), by onstrution
VC(M) is the restrition of the linear map [M ] to the image of the idempotent pΣ0,T
and the linear map is given by the matrix (TVC(M)c0,c1)c0∈Col(T0),c1∈Col(T1) and
for every olorings c0 ∈ Col(T0) and c1 ∈ Col(T1), we have :
TVC(M)c0,c1 =
X
y∈[M,BΓC ](Σ0,xc0),(Σ1,xc1)
HTVC(M,y)c0,c1 .
It follows that for every x0 ∈ [Σ0, BΓC ] and x1 ∈ [Σ1, BΓC ], the restrition of
the map [M ] to the vetor spaes : VC(Σ0, T0, x0) and VC(Σ1, T1, x1) is equal to
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M
y∈[M,BΓC ](Σ0,x0),(Σ1,x1)
HTVC(M,y)x0,x1 . Aording to the lemma 6.1, the idempo-
tent pΣ0,T0 (resp. pΣ1,T1) is splitting in the following way : pΣ0,T0 =
M
x∈[Σ,BΓC ]
pΣ0,T0,x
(resp. pΣ0,T0 =
M
x∈[Σ,BΓC ]
pΣ0,T0,x), thus we obtain the splitting (6.4).

A diret onsequene of the theorem 6.2 is the following formula of the dimension
of the vetor spae assoiated to a losed surfae Σ :
(6.5)
dimk(VC(Σ)) =
X
x∈[Σ,BΓC ]
dimk(WC(Σ, x)) and dimk(WC(Σ, x)) = HTVC(Σ×S1, 1x) .
6.3. The Turaev-Viro HQFT. In this setion we show that for every spherial
ategory C, the Turaev-Viro TQFT is obtained from a 2+1 dimensional HQFT
whose target spae is BΓC . Let us reall the denition of an HQFT.
B-manifolds. Let B be a d-dimensional manifold, a d-dimensional B-manifold is
a pair (X, g) where X is losed d-manifold and g : X → B is a ontinuous map alled
harateristi map.
A B-obordism from (X, g) to (Y, h) is a pair (W,F ) where W is a obordism from
X to Y and F is a relative homotopy lass of a map from W to B suh that the
restrition to X (resp. Y ) is g (resp. h). From now on, we make no notational dis-
tintion between a (relative) homotopy lass and any of its representatives. Notie
that if B is a just a point {∗} then we reover the notion of obordism.
We dene the operation of gluing for B-obordism. This notion is similar to the
notion of gluing for obordism. Let (W,F ) : (M, g)→ (N,h) and (W ′, F ′) : (N ′, h′)→
(P, k) be two B-obordisms and Ψ : N → N ′ be a dieomorphism suh that h′ψ = h.
The omposition of B-obordisms is dened in the following way : (W ′, F ′)◦(W,F ) =
(W ′ ∪W,F.F ′), where F.F ′ is the following homotopy lass :
F.F ′(x) =
(
F (x) x ∈ W
F ′(x) x ∈ W ′
Sine h′Ψ = h, the map F.F ′ is well dened.
The identity of (X, g) is the B-obordism (X × I, 1g), with 1g the homotopy lass
of the map :
X × I → B
(x, t) 7→ g(x)
The disjoint union of B-obordisms is dened in the same way of disjoint union
of obordisms.
The ategory of d+1 B-obordisms is the ategory whose objets are d-dimensional
B-manifolds and morphisms are isomorphism lasses of B-obordisms. The ate-
gory of d + 1 B-obordism is denoted by Hcob(B, d + 1), this is a strit monoidal
ategory.
HQFTs. A d + 1 dimensional HQFT with target spae B is a monoidal funtor
from the ategory Hcob(d+1, B) to the ategory of nite dimensional vetor spaes.
Atually the vetor spae obtained from a B-manifold only depends on the man-
ifold and the homotopy lass of the harateristi map.
Proposition 6.3. Let F bet a d + 1 dimensional HQFT with target spae B and
(X, g) be a B-manifold, then for every linear map h : X → B homotopi to g we
have : F (X, g) ∼= F (X,h).
DECOMPOSITION OF THE TURAEV-VIRO TQFT 31
Proof : Let H be an homotopy between g and h, then (X × I,H) is a B-
obordism from (X, g) to (X,h) and the pair (X × I, H˜), where H˜ is the homotopy
lass of H(x, 1− t) is a B-obordism from (X,h) to (X, g). Sine F is an HQFT, we
have : F (X × I,H) ◦ F (X × I, H˜) = F (X × I,H ∪ H˜) with H ∪ H˜ the homotopy lass
of the map :
X × I → B
(x, t) 7→ H ∪ H˜ =
(
H(x, 2t) if 0 ≤ t ≤ 12
H ′(x, 1− 2t) if 12 ≤ t ≤ 1
Let us show that H ∪ H˜ is homotopi to 1g. The map :
(Σ× I)× I → Σ
((x, t), s) 7→
(
1g(x, t) if 0 ≤ s ≤ 12 ,
H ∪H ′(x, t(2s− 1)) if 12 ≤ s ≤ 1
is an homotopy between 1g andH∪H˜. Thus the map F (X×I,H) : F (X,g)→ F (X,h)
is an isomorphism.

Theorem 6.4. Let C be a spherial ategory. Set :
HC : Hcob(BΓC, 2 + 1)→ vetk(6.6)
(Σ, g) 7→ WC(Σ, g),
(M,F ) 7→ WC(M,F ),
where the vetor spae WC(Σ, g) is dened for the homotopy lass of g. The funtor
HC is a 2 + 1 dimensional HQFT with target spae the lassifying spae BΓC.
The Turaev-Viro TQFT WC is obtained from the HQFT HC :
WC(Σ) =
M
x∈[Σ,BΓC ]
HC(Σ, x).
Proof : Let us show that HC is a funtor. Let Σ (resp. Σ′ and Σ′′) be a
losed oriented surfae endowed with a triangulation TΣ (resp. T
′
and T ′′). For
every obordisms (M,F ) : (Σ, g)→ (Σ′, g′) and (M ′, F ′) : (Σ′, g′)→ (Σ′′, g′′), we have
shown that for every olorings c ∈ Colxg (TΣ), c′ ∈ Colxg′ (TΣ′) and c
′′ ∈ Colxg′′ (TΣ′′),
where xg (resp. xg′ , xg′′) is the homotopy lass of g (resp. g
′
, g′′), and for every
y ∈ [M,BΓC ](Σ,xg),(Σ′,xg′ ), y
′ ∈ [M ′, BΓC ](Σ′,xg′ ),(Σ′′,xg′′ ) we have :X
c′∈Colxg′
(T ′)
HTVC(M
′, c′, c′′, F ′) ◦HTVC(M, c, c′, F ) = HTVC(M ′ ∪Σ′ M, c, c′′, F ∪ F ′).
Thus
H˜TVC(M
′, F )xg′ ,xg′′ ◦ H˜TVC(M,F )xg,xg′ = H˜TVC(M
′ ∪Σ′ M,F ′ ∪ F )xg,xg′′ .
If we onsider the restrition to the image of the idempotent pΣ,T,xg , we have :
WC(M ′, F ′)WC(M,F ) =WC(M ′∪ΣM,F ′∪F ). Furthermore we have : WC(Σ×I, 1x) =
idWC(Σ,x)
.
Let us show that HC is monoidal. Let Σ (resp. Σ′) be a losed surfae endowed
with a triangulation T (resp. T ′), then the vetor spae :
VC(Σ
a
Σ′, T ∪ T ′) = VC(Σ, T )⊗ VC(Σ′, T ′) .
Thus for every homotopy lasses x ∈ [Σ, BΓC ] and x′ ∈ [Σ, BΓC ], we have : VC(Σ
‘
Σ′, T∪
T ′, x∪x′) = VC(Σ, T, x)⊗VC(Σ′, T ′, x′). It follows from the onstrution of the Turaev-
Viro invariant that : pΣ
‘
Σ′,T∪T ′ = pΣ,T ⊗k pΣ′,T ′ ([15℄). Therefore we obtain :
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pΣ
‘
Σ′,T∪T ′,x
‘
x′ = pΣ,T,x ⊗k pΣ′,T ′,x′ . It results that the funtor HC is monoidal
for the objets. Let us show that HC is monoidal for the morphisms. For every
morphisms (M,F ) : (Σ1, g1)→ (Σ′1, g′1) and (M ′, F ′) : (Σ2, g2)→ (Σ′2, g′2), we have :
H˜TVC(M
a
M ′, F∪F ′)(xg1 ,xg′1 ),(xg2 ,xg′2)
= H˜TVC(M,F )xg1 ,xg′1
⊗H˜TVC(M ′, F ′)xg2 ,xg′2
,
where for every i ∈ {1, 2} xgi (resp. xg′
i
) the homotopy lass of gi (resp. g
′
i). It
follows that HC is an HQFT. 
For every spherial ategory C, the HQFT HC is alled Turaev-Viro HQFT.
6.3.1. Group ategories CG,α with G an abelian group. We will ompute the vetor
spaes assoiated to a losed surfae of genus g by the Turaev-Viro HQFT in the
ase of group ategories dened for an abelian group. From now on, we denote a
losed surfae of genus g by Σg. Let G be an abelian nite group and α ∈ H3(G, k∗),
we denote by CG,α the assoiated group ategory.
Below is a singular triangulation Tg of a losed surfae of genus g = 2.
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The above singular triangulation admits a unique 0-simplex and four 1-simplexes.
We an extend the onstrution to losed surfaes of genus g ≥ 2. We denote by
a1, ..., ag, b1, ..., bg, c1, ..., cg , d1, ...dg , e the 1-simplexes of Tg. Let us desribe the set
of olorings of Tg. Let c be a oloring of the above singular triangulation of Σg . We
set :
c(ai) = hi ,
c(bi) = ki ,
for every 1 ≤ i ≤ g. With the olors hi and ki, we obtain the olors of eah 1-simplex
of the triangulation, indeed : c(ci) = aibi and c(di) = biai. The denition of olorings
gives the following relations : [a1, b1]...[ag , bg ] = 1, with [ai, bi] = aibia
−1
i b
−1
i for every
i. Sine G is abelian group, the previous ondition is always veried. Reiproally
the data (h1, ..., hg , k1, ..., kg) denes a oloring c of Σg, in suh a way : c(ai) = hi
and c(bi) = ki.
Let us desribe the gauge ation on the set of olorings of Tg. Let us reall that
the singular triangulation Tg admits a unique 0-simplex thus the gauge group of Tg
an be identied to G. Let c = (h1, ..., hg , k1, ..., kg) and c
′ = (h′1, ..., h
′
g, k
′
1, ..., k
′
g) be
two olorings of Tg, the olorings c and c
′
are equivalent if and only if there exists
h ∈ G suh that :
h′i = hhih
−1 = hi ,
g′i = hgih
−1 = gi ,
for every i. It follows that for every x ∈ [Σg , BG] the set Colx(Σg) ontains a unique
oloring.
We will desribe the vetor spaes assoiated to Σg by the Turaev-Viro HQFT
HCG,α . First, we will desribe the vetor spae VCG,α(Σg , Tg) dened in the onstru-
tion of the Turaev-Viro invariant. In the ategory CG,α the vetor spae assoiated
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to the oriented 2-simplexes is a one dimensional vetor spae, it follows :
VCG,α(Σg , Tg) =
M
c∈Col(Tg)
k =
M
(h1,...,hg,k1,...,kg)∈G
2g
k .
We have shown that for every homotopy lass x ∈ [Σg , BG] the set Colx(Tg) on-
tains a unique oloring, it follows that : VCG,α(Σg , Tg , x) = k. In order to desribe
the vetor spae HCG,α(Σg , x) for every x ∈ [Σg , BG] we will determine the idem-
potent pΣg,Tg,x : VCG,α(Σg , Tg , x) → VCG,α(Σg , Tg, x) for every x ∈ [Σg , BG]. Let
x ∈ [Σg , BG], the linear map pΣg,x is an idempotent of a one dimensional vetor
spae, thus pΣg,x = 0 or pΣg,x = id. Sine the Turaev-Viro invariant of the manifold
Σg×I with a xed olorings of the boundary is equal to 1, it follows that pΣg,x = id.
As a onsequene we have : HCG,α(Σ, x) = k. The lemma 6.1 gives the splitting of
the Turaev-Viro TQFT VCGα into bloks given by the Turaev-Viro HQFT HCG,α .
It follows that in the ase of group ategories CG,α with G an abelian group, the
splitting of the Turaev-Viro TQFT by the Turaev-Viro HQFT is maximal.
Proposition 6.5. Let G an abelian group, α ∈ H3(G, k∗), CG,α be a group ategory,
g be a positive integer and Σg be a losed surfae of genus g, we have :
VCG,α(Σg) =
M
x∈[Σg,BG]
HCG,α(Σg , x)
with HCG,α(Σg , x) = k for every x ∈ [Σg , BG].
The torus S1×S1. We ompute the Turaev-Viro HQFT of the torus S1×S1 in the
ase of the quantum group Uq(sl2) with q a root of unity.
Below is a singular triangulation TS1×S1 of the torus S
1 × S1 :
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There are three oriented 1-simplexes a, b and e and one 0-simplex x. Let c be
a oloring of this singular triangulation, then we obtain the triple (c(a), c(b), c(e)).
By denition of the olorings, the triple (c(a), c(b), c(e)) is an admissible triple. Re-
iproally every admissible triple (i, j, k) denes a oloring c of TS1×S1 , in suh a
way : c(a) = i, c(b) = j and c(e) = k. Let us desribe the gauge ation on the set of
olorings of TS1×S1 . Let c = (i, j, k) be a oloring of TS1×S1 , we reall that |c| is the
oloring c with value in the graduator ΓUq(sl2) = Z2 and |?| : ΛUq(sl2) → Z2 is the
projetion map. We will onsider the group Z2 with the multipliative notation.
By denition of the Z2-oloring, we have the following relation : |i||j| = |k|. It
follows that the Z2-oloring |c| is given by the pair (|i|, |j|) ∈ Z2 × Z2. The singular
triangulation TS1×S1 admits a unique 0-simplex, thus the gauge group of TS1×S1
an be identied to Z2. Let c = (i, j, k) and c
′ = (i′, j′, k′) be two olorings of TS1×S1 ,
they are equivalent if and only if there exists a gauge h ∈ Z2 suh that :
|i′| = h|i|h−1 = |i| ,
|j′| = h|j|h−1 = |j| .
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It follows that the equivalene lass of a oloring c = (i, j, k) is given by the pair
(|i|, |j|) ∈ Z2 × Z2. There exists four homotopy lasses in [S1 × S1, BZ2] whih or-
responds to the equivalent lasses of olorings : (1, 1), (1,−1), (−1, 1) and (−1,−1).
From now on, we denote the homotopy lasses of [S1×S1, BZ2] by the orresponding
equivalent lasses of olorings.
Let us desribe the vetor spaes assoiated to S1×S1 by the Turaev-Viro HQFT.
First, we will desribe the vetor spae VUq(sl2)(S
1 × S1, TS1×S1) dened in the
onstrution of the Turaev-Viro and then after we will desribe the idempotents.
For the sake of larity, the vetor spae VUq(sl2)(S
1 × S1, TS1×S1) will be denoted
V (S1 × S1). In the ase of Uq(sl2), the vetor spae assoiated to an oriented 2-
simplex is a one dimensional vetor spae, it follows :
V (S1 × S1) =
M
c∈Col(T
S1×S1
)
k =
M
(i,j,k) admissible triple
k ,
V (S1 × S1, (1, 1)) =
M
c∈Col(1,1)(TS1×S1
)
k =
M
(i,j,k) admissible triple
|i|=|j|=1
k ,
V (S1 × S1, (1,−1)) =
M
c∈Col(1,−1)(TS1×S1
)
k =
M
(i,j,k) admissible
|i|=1 and |j|=−1
k ,
V (S1 × S1, (−1, 1)) =
M
c∈Col(−1,1)(TS1×S1
)
k =
M
(i,j,k) admissible
|i|=−1 and |j|=1
k ,
V (S1 × S1, (−1,−1)) =
M
c∈Col(−1,−1)(TS1×S1
)
k =
M
(i,j,k) admissible
|i|=−1 and |j|=−1
k .
By symmetry of the admissible triple we have V (S1×S1, (1,−1)) = V (S1×S1, (−1, 1)).
For every oloring c = (i, j, k) ∈ Col(1,−1)(TS1×S1), the triple (j, i, k) is an admissible
triple. Thus the triple c′ = (j, i, k) is a oloring of TS1×S1 suh that |c′| = (−1, 1).
It follows that every oloring c = (i, j, k) ∈ Col(1,−1)(TS1×S1) denes a oloring
c˜ = (j, i, k) ∈ Col(1,−1)(TS1×S1). We obtain the following bijetion :
Col(1,−1)(TS1×S1)→ Col(−1,1)(TS1×S1)
c = (i, j, k) 7→ c˜ = (j, i, k) .
Furthermore by symmetry of S1 × S1 × I, we have :
HTVUq(sl2)(S
1 × S1 × I, (1,−1, 1))c,c′ = HTVUq(sl2)(S
1 × S1 × I, (−1, 1, 1))
c˜,c˜′
,
(6.7)
HTVUq(sl2)(S
1 × S1 × I, (1,−1,−1))
c˜,c˜′
= HTVUq(sl2)(S
1 × S1 × I, (−1, 1,−1))
c˜,c˜′
,
(6.8)
(6.9)
for every c, c′ ∈ Col(1,−1)(TS1×S1). Sine the vetor spaes V (S1 × S1, (1,−1))
and V (S1 × S1, (−1, 1)) are the same, the above equalities (6.7) and (6.8) give :
pS1×S1,T
S1×S1
,(1,−1) = pS1×S1,T
S1×S1
,(−1,1). It follows :
HUq(sl2)(S
1 × S1, (1,−1)) = HUq(sl2)(S
1 × S1, (−1, 1)) .
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Computation. For r = 3, we have the following idempotents :
pS1×S1,(1,1) = (1) ,
pS1×S1,(1,−1) = (1) ,
pS1×S1,(−1,−1) = (1) ,
and the dimensions of the vetor spaes are :
dim(HUq(sl2)(S
1 × S1, (1, 1))) = 1 ,
dim(HUq(sl2)(S
1 × S1, (1,−1))) = 1 ,
dim(HUq(sl2)(S
1 × S1, (−1,−1))) = 1 .
For r = 4, we have the following idempotents :
pS1×S1,(1,1) =
1
4
0
BBB@
3 1 1 1
1 3 −1 −1
1 −1 3 −1
1 −1 −1 3
1
CCCA ,
pS1×S1,(1,−1) =
 
1 0
0 1
!
,
pS1×S1,(−1,−1) =
 
1 0
0 1
!
,
The dimensions of the vetor spaes are :
dim(HUq(sl2)(S
1 × S1, (1, 1))) = 3 ,
dim(HUq(sl2)(S
1 × S1, (1,−1))) = 2 ,
dim(HUq(sl2)(S
1 × S1, (−1,−1))) = 2 ,
For r = 5, we set A a primitive 10th root of unity suh that A2 is a primitive
5th root of unity. For the sake of larity, we denote by σ the sum A + A−1. This
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notation is used in [9℄. We obtain the following idempotents :
pS1×S1,(1,1) =
1
2 + σ
0
BBBBB@
2 1 1 1 σ−3/2
1 3 1− σ 1− σ −σ−5/2
1 1− σ 3 1− σ −σ−5/2
1 1− σ 1− σ 3 −σ−5/2
σ−3/2 −σ−5/2 −σ−5/2 −σ−5/2 4σ − 3
1
CCCCCA ,
pS1×S1,(1,1) =
1
2 + σ
0
BBBBB@
2 1 1 1 σ−3/2
1 3 1− σ 1− σ −σ−5/2
1 1− σ 3 1− σ −σ−5/2
1 1− σ 1− σ 3 −σ−5/2
σ−3/2 −σ−5/2 −σ−5/2 −σ−5/2 4σ − 3
1
CCCCCA ,
pS1×S1,(−1,−1) =
1
2 + σ
0
BBBBB@
2 1 1 1 σ−3/2
1 3 1− σ 1− σ −σ−5/2
1 1− σ 3 1− σ −σ−5/2
1 1− σ 1− σ 3 −σ−5/2
σ−3/2 −σ−5/2 −σ−5/2 −σ−5/2 4σ − 3
1
CCCCCA .
The dimensions of the vetor spaes are :
dim(HUq(sl2)(S
1 × S1, (1, 1))) = 4 ,
dim(HUq(sl2)(S
1 × S1, (1,−1))) = 4 ,
dim(HUq(sl2)(S
1 × S1, (−1,−1))) = 4 ,
For r = 6, we give one idempotent :
pS1×S1,(1,1) =
1
12
0
BBBBBBBBBBBBBBBBBB@
5 3 3 3 1 1 1 1 1 1
√
2
3 9 −1 −1 3 −1 −1 1 1 −1 −√2
3 −1 9 −1 −1 3 −1 −1 1 1 −√2
3 −1 −1 9 −1 −1 3 1 −1 1 −√2
1 3 −1 −1 5 1 1 −3 −3 1 √2
1 −1 3 −1 1 5 1 1 −3 −3 √2
1 −1 −1 3 1 1 5 −3 1 −3 √2
1 1 −1 1 −3 1 −3 9 −1 −1 √2
1 1 1 −1 −3 −3 1 −1 9 −1 √2
1 −1 1 1 1 −3 −3 −1 −1 9 √2√
2 −√2 −√2 −√2 √2 √2 √2 √2 √2 √2 10
1
CCCCCCCCCCCCCCCCCCA
,
The dimensions of the vetor spaes are :
dim(HUq(sl2)(S
1 × S1, (1, 1))) = 7 ,
dim(HUq(sl2)(S
1 × S1, (1,−1))) = 6 ,
dim(HUq(sl2)(S
1 × S1, (−1,−1))) = 6 ,
7. The twisted homologial Turaev-Viro invariant
We reall the onstrution of the homologial twisted generalized Turaev-Viro
invariant [17℄.
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Let C be a semisimple tensor ategory with braiding and M be a losed 3-
manifold. We denote H1(M,Aut⊗(1C)) the rst homology group of M with o-
eients in Aut⊗(1C). Let h ∈ H1(M,Aut⊗(1C)) and α be a representative of h,
αe ∈ Aut⊗(1C) is the oeient of e in Aut⊗(1C). For every salar objet X, αe(X) =
αeX idX , with α
e
X ∈ k∗. Let M be a losed 3-manifold and h ∈ H1(M,Aut⊗(1C)), the
homologial twisted Turaev-Viro invariant of (M,h) is the salar :
(7.1) YC(M,h) = ∆
−n0(T )
C
X
c∈Col(T )
Y
e∈T1
αec(e)wcWc ,
with n0(T ) the number of 0-simplexes of a triangulation T . The salar YC(M,h) does
not depend on the hoie of the triangulation of M and the representative of h. In
[17℄, Yetter prove that this salar is an invariant for a semisimple tensor ategory
with braiding. With some hanges in the proof we an show that the invariant is
well dened for spherial ategories.
Proposition 7.1. Let C be s spherial ategory, M be a losed 3-manifold and
h ∈ H1(M,Aut⊗(1C)). The salar YC(M,h) = ∆−n0(T )C
X
c∈Col(T )
Y
e∈T1
αec(e)wcWc, with
α a representative of h, is an invariant of the pair (M,h).
Proof : Let us show that for every spherial ategory C, YC does not depend on
the hoie of a representative of h. First, the salar
Y
e∈T1
αec(e) does not depend on
the hoie of the orientation of the 1-simplexes. Indeed for every 1-simplex e, we
have : αe = (αe)−1, with e the 1-simplex e endowed with the opposite orientation.
Aording to the proposition 2.3, for every oriented 1-simplex (01), the monoidal
automorphism α(01) is determined by a group morphism ǫ(01) ∈ Hom(ΓC , k∗). The
morphism ǫ(01) veries the relation : ǫ(01) = (ǫ(10))−1 = ǫ(10).
Let α and α′ be two representative of h ∈ H1(M,Aut⊗(1C)), there exists a 2-hain
β =
X
f∈T2
βf f , suh that α′ = αδ(β), with δ the boundary operator. If β = β(012)(012)
then we have :
α′(01) = α(01)β(012) ,
α′(12) = α(12)β(012) ,
α′(02) = α(02)β(012) ,
α′e = αe if e is not a subsimplex of (012) .
Let ǫ(012) ∈ Hom(ΓC, k∗) be the group morphism whih dened the monoidal auto-
morphism β(012).
If α′ = αδβ, with β =
X
f∈T2
βff , sine for every salar objetX, β
(012)
X = (β
(012)
X )
−1 =
ǫ(012)(X)idX , it follows for every oloring c ∈ Col(T ) :Y
e∈T1
α′ec(e) =
Y
e∈T1
αec(e)
Y
e∈T1
Y
f
e<f
ǫf (|c(e)|)
=
Y
e∈T1
αec(e)
Y
f∈T2
ǫf (|fˆ1|)ǫf (|fˆ2|)ǫf (|fˆ3|),
where fˆi is the 1-simplex obtained from f by removing the 0-simplex i. We set
f = (012), we have : ǫf (|fˆ1|)ǫf (|fˆ2|)ǫf (|fˆ3|) = ǫf (|c(12)|)ǫf (|c(20)|)ǫf (|c(01)|) = 1,
sine ǫf ∈ Hom(ΓC , k∗). Thus for a spherial ategory C, YC(M,h) does not depend
on the hoie of a representative of h. The proof of the independene on the hoie
of the triangulation is the same as the proof of Yetter [17℄. We replae the yle by
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a trivial yle sine the region removed and replaed by the Pahner is ontratible.
Finally, the proofs of invariane under the Pahner moves is the same as the proof
of the Turaev-Viro invariane under the Pahner moves. 
Theorem 7.2. Let C be a spherial ategory, M be 3-manifold. For every h ∈
H1(M,Aut⊗(1C)), we have :
YC(M,h) =
X
x∈[M :BΓC ]
(h : x)HTVC(M,x) ,
with (h : x) =
Y
e∈T1
αec(e), α a representative of h and c ∈ Colx(T ).
Proof : Let h ∈ H1(M,Aut⊗(1C)) and α be a representative of h. For every
oloring c0 of T0, we have :
YC(M,x, c0) = (∆C)
−n0(T )
X
x∈[M :BΓC ]
X
c∈Colx(T )
Y
e∈T1
αec(e)wcWc .
Aording to the proposition 2.3, for every 1-simplex e there exists a unique group
morphism ǫe from ΓC to k
∗
suh that for every salar objet X : αeX = ǫ
e(|X|).
Sine α =
X
e
αee is a 1-hain, we have : δα =
X
i∈T0
X
e∈T1
(αe)±1i = 0, the sign is given
by the following rule : δ(01) = 0 − 1. By denition of Colx(T ), for every olorings
c, c′ ∈ Colx(T ) there exists a gauge δ : T 0 → ΓC suh that |c′| = |c|δ, it follows :
Y
e∈T1
αec′(e) =
Y
e∈T1
αec(e)
Y
i∈T0
Y
e∈T1,i∈e
ǫe(δ(i))−1 ,
the sign is given by the following relation : |c|δ(01) = δ(0)|c|(01)δ−1(1). Sine α is a
1-hain, we obtain :
Q
e∈T1 α
e
c(e) =
Q
e∈T1 α
e
c′(e)
. Thus this produt only depends
on the homotopy lass of x and does not depend on the hoie of a representative
of h. We set : (α : x) =
Y
e∈T1
αec(e), for every oloring c ∈ Colx(T ) and it follows :
YC(M,α) =
X
x∈[M,BΓC ]
(h : x)HTVC(M,x). 
8. Tables
8.1. Group ategories.
N α Manifold TV invariant HTV invariant
2 exp(2iπ/4)
L(2p+ 1, q) 1/2 1/2
L(2p, q) 1/2(1 + (−1)p) (1/2, (−1)p/2)
3 exp(2iπ/9)
L(3p+ 2, q) 1/3 1/3
L(3p+ 1, q) 1/3 1/3
L(3p, q)
1/3(1 + 2 exp(2iπp/3)) (1/3, 1/3 exp(2iπp/3),
1/3 exp(2iπp/3)) if n = 1 mod 3
1/3(1 + 2 exp(4iπp/3)) (1/3, 1/3 exp(4iπp/3),
1/3 exp(4iπp/3)) if n = 2 mod 3
